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[script], &—%: SPARC sparc_gc.csv + Rotmod LTG/ (1754Ra 0D EIEEHALR), Script b5
DHFT—YIFRE (MHIBREAE)
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Script 1: sparc_kappa_estimation.py

BrY
kappa=const (R&FERRIME) ET I DH#HEE

BS25> 27> L= Uepsilon;c) + kappa(d epsilon/dr)™2 @ kappa % E#& L THET %, gc = gc deep x (1 +
kappa x E grad/E local) % log ZBEICHR/IN_F 71 v kL. bootstrap CI (N=2000), LEMMREE (kappa i vs
RIS X—4) . R RIEEARE. BREBBRFIvI (UvvIILTADN) 2EHE,

R

X#® (&B7E) : kappa x median(ratio) = -0.006 (0.6%f1E) . dAIC = +1.1 (ZE{k) . kappa i vs log(hR) T
rho=-0.474 (ZBEHTARL) . B/ A —F{LIFEOIEBFIGE LR SN,

(== = N
ERITHE
uv run --with scipy --with matplotlib python sparc_kappa_estimation.py

AHAF—4: sparc gc.csv + Rotmod LTG/*.dat
Hi7: kappa estimation results.png + {ZE#H N

Y—ROJ—KREX

1 | #!/usr/bin/env python3
2 | "
3 | sparc_kappa_estimation.py
4|
5 | ooooo K ooo
6 |
7 | ooo: gc = gc_deep x (1 + k x E_grad/E_local)
8 | - gc_deep = deep-MOND limit gc (Xx&lt;1 oooooo)
9 | - g(r) = sqrt(gN(r) / gc_deep)
10 | - E_grad = mean[(de/dr)2] (ocooooradial binaoo)
11 | - E_local = mean[g?]
12 | - ratio = E_grad / E_local
13 |
14 | ocooo:
15 | (1) K ooooo + bootstrap CI
16 | (2) K coooooooooo (oo VS ooooooo)
17 | (3) K oooooo (o bending rigidity)
18 | (4) gc_corrected oo hR oooooooo
19 |  (5) oo13%oooooo
20 |
21 | oo: uv run --with scipy --with matplotlib python sparc_kappa_estimation.py
22 | "
23 |
24 | import os, sys, glob
25 | import numpy as np
26 | from scipy.optimize import minimize_scalar, minimize
27 | from scipy.stats import spearmanr, pearsonr
28 | import warnings
29 | warnings.filterwarnings('ignore')
30 |
31 | #
32 | # 0. oooo
33 | #
34 | BASE = r"D:\oooooo\oooooo\ooooo\ooooooo\oooa"
35 | ROTMOD = os.path.join(BASE, "Rotmod_LTG")
36 | GC_CSV = os.path.join(BASE, "sparc_gc.csv")
37 |
38 | a@ = 1.2e-10 # m/sA2, MONDooooooo
39 |
40 | #
41 | # 1. sparc_gc.CSV oooo
42 | #
43 | def load_gc_csv():
44 | ""'"sparc_gc.csV ooonoogCoooo (M/SA2ooooo)"""
45 | import csv
46 | data = {}
47 | with open(GC_CSV, 'r') as f:
48 | reader = csv.DictReader(f)
49 | for row in reader:
50 | name = row.get('galaxy') or row.get('Galaxy') or row.get('name')
51 | if name is None:
52 | # oooooooo
53 | for k in row:
54 | if 'gal' in k.lower() or 'name' in k. lower()
55 | name = row[k]
56 | break
57 | if name is None:
58 | continue
59 | name = name.strip()
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# gCo
gc_val = None
for k in ['gc', 'gc_obs', 'g_c', 'gc_a®']:
if k in row and row[k]:
try:
gc_val = float(row[k])
break
except:
pass
if gc_val is None:
continue

# vflat, hR
vflat = None
for k in ['vflat', 'vflat', 'v_flat']:
if k in row and row[k]:
try:
vflat = float(row[k])
break
except:
pass
hR = None
for k in ['hR', 'Reff', 'h_R', 'hr']:
if k in row and row[k]:
try:
hR = float(row[k])
break
except:
pass
Yd = None
for k in ['yd', 'yd', 'vy_d', 'SPS']:
if k in row and row[k]:
try:
Yd = float(row[k])
break
except:
pass

data[name] = {'gc': gc_val, 'vflat': vflat, 'hR': hR, 'vd': Yvd}

# gC o a@ooom/S"N2ooooooo
gc_vals = [d['gc'] for d in data.values()]
median_gc = np.median(gc_vals)
if median_gc &lt; 1le-5:
# oo M/SA2 oo

gc_unit = 'mps2'
else:

# a0 oo —» M/SN2 ooo

gc_unit = 'a@'

for name in data:
data[name]['gc'] *= a@

print(f"sparc_gc.csv: {len(data)} galaxies loaded (gc unit detected: {gc_unit})")
return data

# 2.

Rotmod_LTG ocooooooooo

def

load_rotcurve(galaxy_name):

Rotmod_LTG/&1t;galaxy&gt;_rotmod.dat ooooo
o: Rad(kpc), Vobs, errV, Vgas, Vdisk, Vbul, SBdisk, SBbul
fname = os.path.join(ROTMOD, f"{galaxy_name}_rotmod.dat")
if not os.path.exists(fname):

return None

rad, vobs, vgas, vdisk, vbul = [], [], [1, [1, []
with open(fname, 'r') as f:
for line in f:
line = line.strip()
if not line or line.startswith('#'):
continue
parts = line.split()
if len(parts) &lt; 6:

continue

try:
r = float(parts[0])
vo = float(parts[1])
vg = float(parts[3])
vd = float(parts[4])
vb = float(parts[5])
rad.append(r)
vobs.append(vo)
vgas.append(vg)
vdisk.append(vd)
vbul.append(vb)

except:

continue

if len(rad) &lt; 5:
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return None

return {
'r': np.array(rad), # kpc
'vobs': np.array(vobs), # km/s
'vgas': np.array(vgas), # km/s
'vdisk': np.array(vdisk), # km/s (sqrt(Yd) ooo)
'vbul': np.array(vbul), # km/s

# 3.

gN oo + €(r) + E_grad/E_local

def

compute_strain_quantities(rc, gc_deep, Yd=0.5)

ooooooo !
gN(r) = (Yd*vdisk? + Vgas? + Vbul?) / r (ooo in m/s?)
g(r) = sqrt(gN(r) / gc_deep)

E_grad = mean[(de/dr)?]
E_local = mean[g?]
ratio = E_grad / E_local
r_kpc = rc['r']
r_m = r_kpc * 3.086e19 # kpc -&gt; m

# gN = V_bar2 / r (centripetal acceleration from baryons)
v_bar2 = Yd * rc['vdisk']**2 + rc['vgas']**2 + rc['vbul']**2 # (km/s)2
v_bar2_mps2 = v_bar2 * 1e6 # -&gt; (m/s)2

# gN in m/s?
gN = v_bar2_mps2 / r_m

# gc_deep o O cooooooooo
if gc_deep &lt;= 0:
return None

# €(r) = sqrt(gN / gc_deep), gN &lt; O ooooo
gN_pos = np.maximum(gN, 0)

ratio_gN = gN_pos / gc_deep

epsilon = np.sqrt(ratio_gN)

# € &gt; 1 oooooo Newtonian oo - ooooooooooo
# ooo deep-MOND ooooo € &gt;&gt; 1 oooo

# de/dr (finite difference)
if len(r_m) &lt; 3:
return None

# central difference (oo forward/backward)
deps_dr = np.zeros_like(epsilon)
deps_dr[0] = (epsilon[1] - epsilon[0]) / (r_m[1] - r_m[0])
deps_dr[-1] = (epsilon[-1] - epsilon[-2]) / (r_m[-1] - r_m[-2])
for i in range(1, len(epsilon)-1):
deps_dr[i] = (epsilon[i+1] - epsilon[i-1]) / (r_m[i+1] - r_m[i-1])

E_grad = np.mean(deps_dr**2)
E_local = np.mean(epsilon**2)

if E_local == 0:
return None

return {
'r_kpc': r_kpc,
"gN': gN,
'epsilon': epsilon
'deps_dr': deps_dr,
'E_grad': E_grad,
'E_local': E_local
'ratio': E_grad / E_local
'mean_epsilon': np.mean(epsilon),
'max_epsilon': np.max(epsilon),

# 4.

gc_deep ooo (X&lt;1 ooooMONDao)

def

compute_gc_deep(rc, Yd=0.5):

win

Deep-MOND limit: gobs = sqrt(gN * gc)

- gc = gobs2 / gN (oo)

X = gN/gc &lt; 1 ooooooooo

- median gc_deep

r_m = rc['r'] * 3.086e19

v_bar2 = (Yd * rc['vdisk']**2 + rc['vgas']**2 + rc['vbul']**2) * 1e6
v_obs2 = (rc['vobs'] * 1e3)**2

gN = v_bar2 / r_m
gobs = v_obs2 / r_m

# gc_point = gobs2? / gN (deep MOND)
mask = gN &gt; ©
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gc_points = gobs[mask]**2 / gN[mask]

if len(gc_points) &lt; 3:
return None

# x = gN / gc &lt; 1 oooo (iterative: ooo median gc ooo)
gc_med = np.median(gc_points)
if gc_med &lt;= 0O:

return None

x_vals = gN[mask] / gc_med
deep_mask = x_vals &lt; 1.0

if np.sum(deep_mask) &lt; 3:
# x&1lt;1 ooooo - oo median ooo
return gc_med

return np.median(gc_points[deep_mask])

# 5.

ooooo

def

main():

print("=" * 70)
print("Kooooooooo")
print("=" * 70)

# --- ooooooo ---

gc_data = load_gc_csv()

# --- ooooo ---

results

=1

galaxies = sorted(gc_data.keys())
n_loaded = 0
n_skipped = 0

for gname in galaxies:
gd = gc_data[gname]
gc_obs = gd['gc'] # m/sA2
vflat = gd.get('vflat')
hR = gd.get('hR")

Yd

if

9

gd.get('yd') or 0.5

c_obs &lt;= 0 or vflat is None or hR is None:
n_skipped += 1
continue

if vflat &lt;= 0 or hR &lt;= 0:
n_skipped += 1
continue
rc = load_rotcurve(gname)
if rc is None:
n_skipped += 1
continue
# gc_deep

gc_deep = compute_gc_deep(rc, Yd=Yd)
if gc_deep is None or gc_deep &lt;= 0:

n_skipped += 1
continue

# ooo
sq = compute_strain_quantities(rc, gc_deep, Yd=Yd)
if sq is None:

n_skipped += 1
continue

results.append({

H

'name': gname,

'gc_obs': gc_obs,

'gc_deep': gc_deep

'vflat': vflat,

'hR': hR,

'yd': vd,

'ratio': sq['ratio'],

'E_grad': sq['E_grad'],
'E_local': sq['E_local'],
'mean_eps': sq['mean_epsilon'],
'n_points': len(rc['r']),
'rmax_hR': rc['r']J[-1] / hR if hR &gt; O else 0O,

n_loaded += 1

print(f"\nLoaded: {n_loaded}, Skipped: {n_skipped}")

if n_loaded &lt; 20:
print("ERROR: coooooooooooooooooooooo')

sys.exit(1)

# --- numpyooo ---

gc_obs

np.array([r['gc_obs'] for r in results])



336 | gc_deep = np.array([r['gc_deep'] for r in results])

337 | ratio = np.array([r['ratio'] for r in results])

338 | vflat = np.array([r['vflat'] for r in results])

339 | hR = np.array([r['hR'] for r in results])

340 | Yd = np.array([r['Yd'] for r in results])

341 | rmax_hR = np.array([r['rmax_hR'] for r in results])

342 | names = [r['name'] for r in results]

343 |

344 | #

345 | # (1) K oooo

346 | #

347 | print("\n" + "=" * 70)

348 | print("(1) K ocoooa")

349 | print("=" * 70)

350 |

351 | # ooo: gc_obs = gc_deep * (1 + k * ratio)

352 | # logoo: log(gc_obs) = log(gc_deep) + log(1l + k * ratio)
353 | # - oooo: minimize Z[log(gc_obs/gc_deep) - log(1l + k*ratio)]?
354 |

355 | log_excess = np.logl@(gc_obs / gc_deep)

356 |

357 | # oo gc_obs/gc_deep ooooo

358 | med_excess = np.median(gc_obs / gc_deep)

359 | print(f'"gc_obs/gc_deep: median={med_excess:.3f}, "

360 | f"mean={np.mean(gc_obs/gc_deep):.3f}, "

361 | f'"std(log)={np.std(log_excess):.3f} dex")

362 | print(f"ratio (E_grad/E_local): median={np.median(ratio):.4e}, "
363 | f'"range=[{np.min(ratio):.4e}, {np.max(ratio):.4e}]")
364 |

365 | def chi2_kappa(kappa):

366 | model = np.logl0(1 + kappa * ratio)

367 | return np.sum((log_excess - model)**2)

368 |

369 | # grid search for initial value

370 | kappa_grid = np.linspace(-1e20, 1e20, 1000)

371 | # ratio oooooooooooooooooooo

372 | ratio_scale = np.median(ratio)

373 | if ratio_scale &gt; 0:

374 | kappa_max = 10.0 / ratio_scale

375 | else:

376 | kappa_max = 1e20

377 |

378 | kappa_grid = np.linspace(-kappa_max, kappa_max, 2000)
379 | chi2_vals = [chi2_kappa(k) for k in kappa_grid]

380 | k_init = kappa_grid[np.argmin(chi2_vals)]

381 |

382 | # optimize

383 | from scipy.optimize import minimize_scalar

384 | res = minimize_scalar(chi2_kappa, bounds=(-kappa_max*2, kappa_max*2), method='bounded')
385 | kappa_best = res.x

386 | chi2_best = res.fun

387 |

388 | # null model (k=0)

389 | chi2_null = np.sum(log_excess**2)

390 |

391 | N = len(gc_obs)

392 | dof = N - 1

393 | dAIC = chi2_best - chi2_null + 2 # +1 parameter

394 |

395 | print(f"\nk_best = {kappa_best:.6e}")

396 | print(f'"ratio_scale (median) = {ratio_scale:.6e}")

397 | print(f"k * median(ratio) = {kappa_best * ratio_scale:.4f}")
398 | print(f"chi2(k=0) = {chi2_null:.3f}, chi2(k_best) = {chi2_best:.3f}")
399 | print(f"dAIC = {dAIC:.1f} (negative = Kooooo)")

400 |

401 | # R2? improvement

402 | SS_tot = chi2_null

403 | SS_res = chi2_best

404 | R2 = 1 - SS_res / SS_tot

405 | print(f"R2(koo) = {R2:.4f}")

406 |

407 | # gc_corrected

408 | gc_corrected = gc_deep * (1 + kappa_best * ratio)

409 | residual_corrected = np.logl0(gc_obs / gc_corrected)

410 | residual_uncorrected = log_excess

411 | print(f"residual std: uncorrected={np.std(residual_uncorrected):.4f} dex, "
412 | f'"corrected={np.std(residual_corrected):.4f} dex")
413 |

414 | #

415 | # (1b) Bootstrap CI for k

416 | #

417 | print("\n--- Bootstrap CI (N=2000) ---")

418 | np.random.seed(42)

419 | kappa_boot = []

420 | for _ in range(2000):

421 | idx = np.random.randint(@, N, N)

422 | le = log_excess[idx]

423 | ra = ratio[idx]

424 | def chi2_b(k):

425 | return np.sum((le - np.logl@(np.maximum(1 + k * ra, 1e-10)))**2)
426 | rb = minimize_scalar(chi2_b, bounds=(-kappa_max*2, kappa_max*2), method='bounded')
427 | kappa_boot.append(rb.x)



428

|
429 | kappa_boot = np.array(kappa_boot)
430 | ci_lo, ci_hi = np.percentile(kappa_boot, [2.5, 97.5])
431 | print(f"k = {kappa_best:.4e}, 95%CI = [{ci_lo:.4e}, {ci_hi:.4e}]")
432 | print(f"CI includes 0? {'YES' if ci_lo &lt;= 0 &lt;= ci_hi else 'NO'}")
433 |
434 | #
435 | # (2) K ooooooooooo
436 | #
437 | print("\n" + "=" * 70)
438 | print("(2) K oooooa")
439 | print("=" * 70)
440 |
441 | # ooooo K_1 = (gc_obs/gc_deep - 1) / ratio
442 | mask_ratio = ratio &gt; ©
443 | kappa_individual = np.full(N, np.nan)
444 | kappa_individual[mask_ratio] = (gc_obs[mask_ratio] / gc_deep[mask_ratio] - 1) / ratio[mask_ratio]
445 |
446 | valid = ~np.isnan(kappa_individual) &amp; np.isfinite(kappa_individual)
447 | # outlier clip (|k_i| &gt; 100 * median)
448 | ki_valid = kappa_individual[valid]
449 | med_ki = np.median(ki_valid)
450 | mad_ki = np.median(np.abs(ki_valid - med_ki))
451 | clip = np.abs(ki_valid - med_ki) &lt; 10 * (mad_ki + 1e-30)
452 | ki_clipped = ki_valid[clip]
453 |
454 | print(f"ook_i: N={len(ki_clipped)}, median={np.median(ki_clipped):.4e}, "
455 | f"MAD={mad_ki:.4e}, Cv={mad_ki/(abs(med_ki)+1e-30):.2f}")
456 |
457 | # k_1 vs galaxy parameters
458 | # (ratio &gt; O oo clip cooooooooo)
459 | idx_valid = np.where(valid)[0]
460 | idx_valid = idx_valid[clip]
461 |
462 | params_test = {
463 | 'log(vflat)': np.loglo(vflat[idx_valid]),
464 | 'log(hR)': np.logl@(hR[idx_valid]),
465 | 'log(Yd)': np.logl@(np.maximum(Yd[idx_valid], 0.01)),
466 | 'rmax/hR': rmax_hR[idx_valid],
467 | 'log(gc_deep)': np.logle(gc_deep[idx_valid]),
468 | }
469 |
470 | print("\nk_i vS ocoooooo (Spearman):")
471 | for pname, pvals in params_test.items():
472 | finite = np.isfinite(pvals) &amp; np.isfinite(ki_clipped)
473 | if np.sum(finite) &lt; 10:
474 | continue
475 | rho, p = spearmanr(pvals[finite], ki_clipped[finite])
476 | sig = "***" if p &lt; 0.001 else "**" if p &lt; 0.01 else "*" if p &lt; 0.05 else ""
477 | print(f" {pname:15s}: rho={rho:+.3f}, p={p:.4f} {sig}")
478 |
479 | #
480 | # (2b) Two-parameter model: k = k@ + k1 * log(param)
481 | #
482 | print("\n--- K oooooooo ---")
483 |
484 | for dep_name, dep_vals in [('log_vflat', np.loglO(vflat)),
485 | ('log_hR', np.log10(hR)),
486 | ('log_Yd', np.logl@(np.maximum(Yd, 0.01)))]:
487 | def chi2_2p(params):
488 | ko, k1 = params
489 | kappa_var = k@ + k1 * dep_vals
490 | model = np.logl®(np.maximum(1l + kappa_var * ratio, 1e-10))
491 | return np.sum((log_excess - model)**2)
492 |
493 | r2p = minimize(chi2_2p, [kappa_best, 0], method='Nelder-Mead')
494 | dAIC_2p = r2p.fun - chi2_best + 2 # +1 extra param
495 | print(f" Kk = k0@ + k1*{dep_name}: k0={r2p.x[0]:.4e}, k1={r2p.x[1]:.4e}, "
496 | f"dAIC vs const-k = {dAIC_2p:+.1f}")
497 |
498 | #
499 | # (3) hR oooooooo
500 | #
501 | print("\n" + "=" * 70)
502 | print("(3) hR cooooo")
503 | print("=" * 70)
504 |
505 | log_gc_obs = np.logl@(gc_obs)
506 | log_gc_deep = np.logl0(gc_deep)
507 | log_gc_corr = np.logl@(np.maximum(gc_corrected, 1e-30))
508 | log_vflat = np.loglO(vflat)
509 | log_hR = np.log10(hR)
510 |
511 | # ooo: p(gc, hR | vflat)
512 | from numpy.polynomial.polynomial import polyfit
513 |
514 | def partial_corr(x, y, z):
515 | """o(x,y|z) by residualization"""
516 | cx = np.polyfit(z, x, 1)
517 | cy = np.polyfit(z, y, 1)
518 | rx = x - np.polyval(cx, z)
519 | ry =y - np.polyval(cy, z)
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return spearmanr(rx, ry)

rho_obs, p_obs = partial_corr(log_gc_obs, log_hR, log_vflat)
rho_deep, p_deep = partial_corr(log_gc_deep, log_hR, log_vflat)
rho_corr, p_corr = partial_corr(log_gc_corr, log_hR, log_vflat)

print(f"p(gc_obs, hR | vflat) = {rho_obs:+.3f} (p={p_obs:.4f})")
print(f"p(gc_deep, hR | vflat) = {rho_deep:+.3f} (p={p_deep:.4f})")
print(f"p(gc_corrected, hR | vflat) = {rho_corr:+.3f} (p={p_corr:.4f})")
print(f"eo: |p| {abs(rho_obs):.3f} - {abs(rho_corr):.3f} "
f"({(1-abs(rho_corr)/abs(rho_obs))*100:.1f}% reduction)")

# x_outer ooo
log_ratio = np.logl@(np.maximum(ratio, 1e-30))

def partial_corr_multi(target, y, controls):
W eoon T
from numpy.linalg import 1stsq
X = np.column_stack(controls)
X = np.column_stack([X, np.ones(len(X))])

ct, _, _, _ = lstsq(X, target, rcond=None)

cy, _, _, _ = lstsq(X, y, rcond=None)
rt = target - X @ ct

ry=y-X@cy

return spearmanr(rt, ry)

rho_full, p_full = partial_corr_multi(
log_gc_corr, log_hR, [log_vflat, rmax_hR])
print(f"p(gc_corrected, hR | vflat, rmax/hR) = {rho_full:+.3f} (p={p_full

#

# (4) oooooooo

#

print("\n" + "=" * 70)

print("(4) cooooooa")
print("=" * 70)

# ratio o hR ooo
rho_rh, p_rh = spearmanr(ratio, hR)
print(f"p(ratio, hR) = {rho_rh:+.3f} (p={p_rh:.4f})")

# ratio o gc_obs ooo
rho_rg, p_rg = spearmanr(ratio, gc_obs)
print(f"p(ratio, gc_obs) = {rho_rg:+.3f} (p={p_rg:.4f})")

# ratio o hR ooooooo?

# E_grad/E_local o hR coooooo (&(r) = sqrt(gN/gc_deep))

# ooo gN o 1/r ooooooooooooooo

rho_rh_vf, p_rh_vf = partial_corr(log_ratio, log_hR, log_vflat)
print(f"p(ratio, hR | vflat) = {rho_rh_vf:+.3f} (p={p_rh_vf:.4f})")
print("(E_grad/E_local o hR cooooooooooooooo)")

# ooooo: ratio oooooo
np.random.seed(42)
rho_shuffle = []
for _ in range(1000):
ratio_s = np.random.permutation(ratio)
gc_s = gc_deep * (1 + kappa_best * ratio_s)
log_gc_s = np.logl@(np.maximum(gc_s, 1e-30))
rho_s, _ = partial_corr(log_gc_s, log_hR, log_vflat)
rho_shuffle.append(rho_s)
rho_shuffle = np.array(rho_shuffle)
pctile = np.mean(rho_shuffle &lt;= rho_corr) * 100
print(f"\noooooooo: real p={rho_corr:+.3f}, "
f'"shuffle mean={np.mean(rho_shuffle):+.3f}, "
f'"percentile={pctile:.1f}%")

#

# (5) ooooo

#

print("\n" + "=" * 70)

print("(5) K oooosa")
print("=" * 70)

print (o
oooooooo: L[g] = U(g;c) + k(de/dr)?

K_best = {kappa_best:.4e}
K * median(ratio) = {kappa_best * ratio_scale:.4f}
- ooooooo {abs(kappa_best * ratio_scale)*100:.1f}% o gC oo

ooooo
- K &Qgt; 0: oooo ¢C ooooooooooo — oooooooooooo
- K &lt; 0: oooo ¢UC coooooooooooooooooooooo
- |kxratio| &lt;&lt; 1: cooooooooooo

oo bending rigidity oooo:
D_bend = k x h_membrane?® / 12(1-v2) (ocooo)
ooo h_membrane oooooooooV oooooo

iy

#

AfHY)
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# (6) ool3%oooo
#

print("=" * 70)
print("(6) ool3%oooooo")
print("=" * 70)

# hRoooooo (gc_obs ooo)
# raw - |vflat - |vflat,x - |vflat,x,ratio - Kooo

rho_raw, _ = spearmanr(log_gc_obs, log_hR)

print(f"\nhRooooooooo:")

print(f" raw: p = {rho_raw:+.3f}")
print(f" |vflat (gc_obs): p = {rho_obs:+.3f}")
print(f" |vflat (gc_corrected): p = {rho_corr:+.3f}")

if abs(rho_obs) &gt; 0O:
reduction_pct = (1 - abs(rho_corr) / abs(rho_obs)) * 100
print(f" Kooooooo: {reduction_pct:.1f}%")

# ooooo: 69%(x_outer) + 18%(ratio) + 13%(oo)
# Kooo ratio oooo — 18%oooo
print(f"\n oo: Kooo E_grad/E_local (18%, B-o) oooooo')

print(f" Kooooooooooooooooooooooooooo')
#
# (7) oooo
#
print("\n" + "=" * 70)

print("oooa")
print("=" * 70)

universal = "YES" if (ci_lo &lt;= 0 &lt;= ci_hi) or abs(dAIC) &lt; 2 else "MAYBE"

print(f"""
k_best = {kappa_best:.4e}
95% CI = [{ci_lo:.4e}, {ci_hi:.4e}]
CI includes 0: {'YES' if ci_lo &lt;= 0 &lt;= ci_hi else 'NO'}
dAIC vs k=0: {dAIC:.1f}
R2 improvement: {R2:.4f}
hRooooa: |p| {abs(rho_obs):.3f} - {abs(rho_corr):.3f}

ooooo! (ooooooooooooo)

oooooo !
- K &gt; 0 oo CI excludes O — cooooooooooo
- K~ 0 (CI includes 0) - ooooooooooooooooooo
- ooooooo - K = K(morphology) cooooo

)

#

# (8) oooo
#

try:
import matplotlib
matplotlib.use('Agg"')
import matplotlib.pyplot as plt

fig, axes = plt.subplots(2, 2, figsize=(12, 10))

# (a) gc_obs vs gc_corrected
ax = axes[0, 0]

ax.scatter(np.logl0(gc_obs), np.logle(gc_corrected), s=10, alpha=0.5, c='steelblue')
lim = [np.min(np.logl0(gc_obs))-0.1, np.max(np.logl@(gc_obs))+0.1]

ax.plot(lim, lim, 'k--', lw=1)
ax.set_xlabel('log1l0(gc_obs)")
ax.set_ylabel('log1l0(gc_corrected)')

ax.set_title(f'gc_obs vs gc_corrected (kappa={kappa_best:.2e})"')

# (b) k_1i distribution
ax = axes[0, 1]

ax.hist(ki_clipped, bins=40, alpha=0.7, color='steelblue', edgecolor='white')
ax.axvline(kappa_best, color='red', lw=2, label=f'best={kappa_best:.2e}')

ax.axvline(0, color='grey', 1ls='--', 1lw=1)
ax.set_xlabel('kappa_i (individual)')
ax.set_ylabel('count')
ax.set_title('Distribution of per-galaxy kappa')
ax.legend()

# (c) ratio vs log_excess
ax = axes[1, 0]

ax.scatter(ratio, log_excess, s=10, alpha=0.5, c='steelblue')

r_sorted = np.sort(ratio)

ax.plot(r_sorted, np.logl0(1 + kappa_best * r_sorted),
label=f"'kappa={kappa_best:.2e}"')

ax.set_xlabel('E_grad / E_local')

ax.set_ylabel('log1l0(gc_obs / gc_deep)')

ax.set_title('Strain gradient ratio vs gc excess')

ax.legend()

# (d) bootstrap k
ax = axes[1, 1]

ax.hist(kappa_boot, bins=50, alpha=0.7, color='steelblue', edgecolor='white')
ax.axvline(kappa_best, color='red', 1lw=2, label=f'best={kappa_best:.2e}")
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plt.tight_layout()

figpath = os.path.join(BASE,
plt.savefig(figpath, dpi=150)
print(f"\noooo:

except Exception as e:
print(f"\nooooooao:

print("\nooo")

if __name__ =
main()

axvline(ci_lo, color='orange',
axvline(ci_hi, color='orange',
.axvline(®, color='grey',
set_xlabel('kappa (bootstrap)')
set_ylabel('count')

set_title('Bootstrap distribution of kappa')

lw=1, label=f'95%CI")

'kappa_estimation_results.png')



Script 2: sparc_kappa_nonlinear.py

B8
R4 FERTERIMEE T ILSTEDRFH T R b

kappa=const DEE%EZ T, SEDIFREET L% AlCc + LO0-CV + < + v T )L TRiFTM, M:

kappa=const (F§IR) . M2: kappa®@ x ratio™n, M3: epsilonf{& (¥Bi/3M—48) . M4: epsilon-modulated ratio, M5:
PAMIEIE /. M6: u strain/E kin, M7: SFEEIE—#KkME. M8: epsilongi=E d°2 epsilon/dr 2, @S HIMEI

AlCc (/MY FILFEIE) + LOO-CV (28R + 2+ v ZJVIRFI (1000E]) D3E,

&R

M3 (epsilonBi{E, dAICc=-5.1, L00=0.351) A& E. epsilon ¢™=0.072,
beta=-0.23, M6 (dAICc=-5.7) . M8 (dAICc=-5.6) HLHELA. RIC M3 & TR & HIBH, M1/M4/NM5/N7 (FF X,

== 3
EITHE
uv run --with scipy --with matplotlib python sparc_kappa_nonlinear.py

AFAIT—4%: sparc_gc.csv + Rotmod LTG/*, dat
HH: kappa nonlinear results.png + E#H A

Y—Z31—REX

#!/usr/bin/env python3

sparc_kappa_nonlinear.py

ool4 oooo! oooooooooooooooo

oo:

k=const ooo (dAIC=+1.1, 0.6%co, coooooo)
- E_grad/E_local ratio o 18% (B-o) oooon

© 00 ~NOOUS_WNR

|
|
|
|
|
[
|
|
|
10 | - oo: ratio - K coooooooooo
11 |
12 | oo! K oooooooooooooo € ooooo
13 | - oo/ocoooooo (ool4) cooooooo
14 |
15 | ocooooo:
16 | MO: gc = gc_deep (null, © param)
17 | M1: gc = gc_deep x (1 + Ko X ratio) (const k, 1 param) [oo]
18 | M2: gc = gc_deep x (1 + Ko x ratio”n) (power-law, 2 param)
19 | M3: gc = gc_deep x f(e_max) (€oo, 2 param)
20 | M4: gc = gc_deep x (1 + ke X ratio x g(g)) (e-modulated, 2 param)
21 | M5: gc = gc_deep x (1 + ke X ®_plastic) (oooo, 1 param)
22 | M6: gc = gc_deep x h(E_strain/E_kinetic) (oo-ooa, 1-2 param)
23 |
24 | ooooo:
25 | - AICC (oooooooAIC)
26 | - LOO-CV (leave-one-out cross-validation)
27 | - Shuffle permutation (1000a)
28 | - hRoooooooo
29 |
30 | oo: uv run --with scipy --with matplotlib python sparc_kappa_nonlinear.py
31 | """
32 |
33 | import os, sys
34 | import numpy as np
35 | from scipy.optimize import minimize, minimize_scalar
36 | from scipy.stats import spearmanr
37 | import warnings
38 | warnings.filterwarnings('ignore')
39 |
40 | #
41 | # 0. ooooo
42 | #
43 | BASE = r"D:\oooooo\oooooo\ooooo\ooooooo\oooo"
44 | ROTMOD = os.path.join(BASE, "Rotmod_LTG")
45 | GC_CSV = os.path.join(BASE, "sparc_gc.csv")
46 | a0 = 1.2e-10 # m/sA2
47 |
48 | #
49 | # 1. ooooooo (ooooooooo)
50 | #
51 | def load_gc_csv():
52 | import csv
53 | data = {}
54 | with open(GC_CSV, 'r') as f:
55 | reader = csv.DictReader(f)
56 | for row in reader:
|

name = None



58 | for k in row:

59 | if 'gal' in k.lower() or 'name' in k.lower():
60 | name = row[k].strip(); break

61 | if not name: continue

62 | gc_val = None

63 | for k in ['gc', 'gc_obs', 'g_c', 'gc_ad']:

64 | if k in row and row[k]:

65 | try: gc_val = float(row[k]); break

66 | except: pass

67 | if gc_val is None: continue

68 | vflat, hR, Yd = None, None, None

69 | for k in ['vflat',6 'Vflat',6 'v_flat']:

70 | if k in row and row[k]:

71 | try: vflat = float(row[k]); break

72 | except: pass

73 | for k in ['hR', 'Reff','h_R','hr']:

74 | if k in row and row[k]:

75 | try: hR = float(row[k]); break

76 | except: pass

77 | for k in ['yd',6'yd','Y_d','SPS']:

78 | if k in row and row[k]:

79 | try: Yd = float(row[k]); break

80 | except: pass

81 | data[name] = {'gc': gc_val, 'vflat': vflat, 'hR': hR, 'vd': Yd}
82 | gc_vals = [d['gc'] for d in data.values()]

83 | if np.median(gc_vals) &gt; 1le-5:

84 | for name in data: data[name]['gc'] *= a®

85 | print(f"sparc_gc.csv: {len(data)} galaxies")

86 | return data

87 |

88 | def load_rotcurve(galaxy_name):

89 | fname = os.path.join(ROTMOD, f"{galaxy_name}_rotmod.dat")
90 | if not os.path.exists(fname): return None

91 | rad, vobs, vgas, vdisk, vbul =[], []1, [1, [1, []

92 | with open(fname, 'r') as f:

93 | for line in f:

94 | line = line.strip()

95 | if not line or line.startswith('#'): continue

96 | parts = line.split()

97 | if len(parts) &lt; 6: continue

98 | try:

99 | rad.append(float(parts[0]))

100 | vobs.append(float(parts[1]))

101 | vgas.append(float(parts[3]))

102 | vdisk.append(float(parts[4]))

103 | vbul.append(float(parts[5]))

104 | except: continue

105 | if len(rad) &lt; 5: return None

106 | return {k: np.array(v) for k, v in

107 | zip(['r', 'vobs', 'vgas', 'vdisk', 'vbul'], [rad,vobs,vgas,vdisk,vbul])}
108 |

109 | def compute_gc_deep(rc, Yd=0.5):

110 | rm=rc['r'] * 3.086e19

111 | v_bar2 = (Yd * rc['vdisk']**2 + rc['vgas']**2 + rc['vbul']**2) * 1e6
112 | v_obs2 = (rc['vobs'] * 1e3)**2

113 | gN = v_bar2 / r_m

114 | gobs = v_obs2 / r_m

115 | mask = gN &gt; ©

116 | gc_pts = gobs[mask]**2 / gN[mask]

117 | if len(gc_pts) &lt; 3: return None

118 | gc_med = np.median(gc_pts)

119 | if gc_med &lt;= 0: return None

120 | X = gN[mask] / gc_med

121 | deep = x &lt; 1.0

122 | return np.median(gc_pts[deep]) if np.sum(deep) &gt;= 3 else gc_med
123 |

124 | #

125 | # 2. oooooooo

126 | #

127 | def compute_extended_strain(rc, gc_deep, Yd=0.5):

128 |

129 | oooo radial profile cooooooooooo

130 | win

131 | r_kpc = rc['r']

132 | r_m = r_kpc * 3.086e19

133 | v_bar2 = (Yd * rc['vdisk']**2 + rc['vgas']**2 + rc['vbul']**2) * 1e6
134 | v_obs2 = (rc['vobs'] * 1e3)**2

135 | gN = np.maximum(v_bar2 / r_m, 0)

136 | gobs = v_obs2 / r_m

137 |

138 | epsilon = np.sqrt(gN / gc_deep)

139 |

140 | # de/dr

141 | deps_dr = np.zeros_like(epsilon)

142 | deps_dr[0] = (epsilon[1] - epsilon[@]) / (r_m[1] - r_m[0©])
143 | deps_dr[-1] = (epsilon[-1] - epsilon[-2]) / (r_m[-1] - r_m[-2])
144 | for i in range(1, len(epsilon)-1):

145 | deps_dr[i] = (epsilon[i+1] - epsilon[i-1]) / (r_m[i+1] - r_m[i-1])
146 |

147 | E_grad = np.mean(deps_dr**2)

148 | E_local = np.mean(epsilon**2)

149 | ratio = E_grad / E_local if E_local &gt; 0 else 0
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# --- oooo ---

eps_max = np.max(epsilon)

eps_mean = np.mean(epsilon)

eps_outer = np.mean(epsilon[-max(1, len(epsilon)//3):]) # ool/3ooo

# oooo: € &gt; €_C (oo) ocoooo

# €_C ooooooooo
# ooooooooo U_Strain o €2 (oo) or €3 (ooo)
u_strain_elastic = np.mean(epsilon**2)

u_strain_cubic = np.mean(epsilon**3)

# ooooooo Proxy: v_obs?
E_kin = np.mean(v_obs2) # (m/s)?2

# oo-ooo

strain_kin_ratio = u_strain_elastic / (E_kin / (3.086e19)**2) if E_kin &gt; 0 else 0

# €ooooooo: std(de/dr) / mean(|de/dr|)
grad_nonuniform = np.std(deps_dr) / (np.mean(np.abs(deps_dr)) + 1e-50)

# € profile ooo: d2e/dr?

if len(epsilon) &gt;= 5:
d2eps = np.gradient(np.gradient(epsilon, r_m), r_m)
curvature = np.mean(d2eps**2)

else:
curvature = 0

return {
'ratio': ratio,
'E_grad': E_grad,
'E_local': E_local,
'eps_max': eps_max,
'eps_mean': eps_mean,
'eps_outer': eps_outer,
'epsilon_profile': epsilon
'u_elastic': u_strain_elastic,
'u_cubic': u_strain_cubic,
'strain_kin': strain_kin_ratio,
'grad_nonuniform': grad_nonuniform,
'curvature': curvature,
'n_points': len(epsilon),

. oDooooooo

build_dataset():
gc_data = load_gc_csv()
results = []
for gname in sorted(gc_data.keys()):
gd = gc_data[gname]
gc_obs = gd['gc']
vflat, hR, Yd = gd.get('vflat'), gd.get('hR'), gd.get('Yd') or 0.5
if gc_obs &lt;= 0 or not vflat or not hR or vflat &lt;= 0 or hR &lt;= 0O:
continue
rc = load_rotcurve(gname)
if rc is None: continue
gc_deep = compute_gc_deep(rc, Yd=Yd)
if gc_deep is None or gc_deep &lt;= 0: continue
sq = compute_extended_strain(rc, gc_deep, Yd=Yd)
if sq is None or sq['ratio'] == 0: continue
results.append({
'name': gname, 'gc_obs': gc_obs, 'gc_deep': gc_deep,
'vflat': vflat, 'hR': hR, 'Yd': Yd,
**{k: sq[k] for k in sq if k !'= 'epsilon_profile'},
H
print(f"Dataset: {len(results)} galaxies\n")
return results

# 4.

ooooo + ooooooo

def

def

aicc(chi2, n, k):
"""Small-sample corrected AIC"""
aic = chi2 + 2*k
if n - k - 1 &gt; 0:
return aic + 2*k*(k+1) / (n - k - 1)
return aic

loo_cv(log_excess, predictor_func, param_fitter, N):
"""Leave-one-out cross-validation: returns mean squared error"""
errors = []
for i in range(N):

mask = np.ones(N, dtype=bool)

mask[i] = False

params = param_fitter(mask)

if params is None:

continue
pred = predictor_func(i, params)

errors.append((log_excess[i] - pred)**2)
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return np.mean(errors) if errors else 999

class ModelTester:

def

def

__init_ (self, data)

self.N = len(data)

self.gc_obs = np.array([d['gc_obs'] for d in data])
self.gc_deep = np.array([d['gc_deep'] for d in data])
self.log_excess = np.loglO(self.gc_obs / self.gc_deep)
self.ratio = np.array([d['ratio'] for d in data])
self.eps_max = np.array([d['eps_max'] for d in data])
self.eps_mean = np.array([d['eps_mean'] for d in data])
self.eps_outer = np.array([d['eps_outer'] for d in data])
self.u_elastic = np.array([d['u_elastic'] for d in data])
self.u_cubic = np.array([d['u_cubic'] for d in data])
self.strain_kin = np.array([d['strain_kin'] for d in data])
self.grad_nonuniform = np.array([d['grad_nonuniform'] for d in data])
self.curvature = np.array([d['curvature'] for d in data])
self.vflat = np.array([d['vflat'] for d in data])

self.hR = np.array([d['hR'] for d in data])

self.rmax_hR = np.array([d.get('rmax_hR', @) for d in data])
self.names = [d['name'] for d in data]

# null chi2
self.chi2_null = np.sum(self.log_excess**2)
self.mse_null = np.mean(self.log_excess**2)

print(f"log(gc_obs/gc_deep): mean={np.mean(self.log_excess):.4f}, "
f'"std={np.std(self.log_excess):.4f}")

test_model(self, name, n_params, fit_func, predict_func,
shuffle_test=True, loo=True):

oooooooo

fit_func(mask=None) -&gt; params (mask=Noneccooo)

predict_func(params) -&gt; array of model predictions (logl® scale)

print(f"\n{'-'*60}")

print(f"Model: {name} ({n_params} params)")

print(f"{'—'*60}")

# Fit on all data

params = fit_func()

if params is None:
print(" FIT FAILED")
return None

pred = predict_func(params)

resid = self.log_excess - pred

chi2 = np.sum(resid**2)

R2 = 1 - chi2 / self.chi2_null

_aicc = aicc(chi2, self.N, n_params)
_aicc_null = aicc(self.chi2_null, self.N, 0)
dAICc = _aicc - _aicc_null

print(f" params: {params}")
print(f" chi2={chi2:.3f}, R2={R2:.4f}, dAICc={dAICc:+.1f}")
print(f" resid std={np.std(resid):.4f} (null={np.std(self.log_excess)

# hR partial correlation

log_vf = np.loglo(self.vflat)

log_hR = np.logl0(self.hR)

gc_model = self.gc_deep * 10**pred

log_gc_m = np.logl@(np.maximum(gc_model, 1e-30))

def pcorr(x, y, z):
cx = np.polyfit(z, x, 1)
cy = np.polyfit(z, y, 1)
return spearmanr(x - np.polyval(cx, z), y - np.polyval(cy, z))

rho_obs, _ = pcorr(np.log10(self.gc_obs), log_hR, log_vf)
rho_model, p_model = pcorr(log_gc_m, log_hR, log_vf)

print(f" hRooo: gc_obs={rho_obs:+.3f}, model={rho_model:+.3f} "
f"(oo{(1-abs(rho_model)/abs(rho_obs))*100:.1f}%)")

# Shuffle test
if shuffle_test:
np.random.seed(42)
better = 0
for _ in range(1000):
idx = np.random.permutation(self.N)
le_s = self.log_excess[idx]
chi2_s = np.sum((le_s - pred)**2)
if chi2_s &lt; chi2:
better += 1
print(f" Shuffle: {better}/1000 better (p={better/1000:.3f})")

# LOO-CV
if loo and self.N &lt;= 200:
loo_errors = []
for i in range(self.N)
mask = np.ones(self.N, dtype=bool)

A"



334 | mask[i] = False

335 | p_loo = fit_func(mask)

336 | if p_loo is None: continue

337 | pred_i = predict_func(p_loo, idx=i)

338 | loo_errors.append((self.log_excess[i] - pred_i)**2)

339 | mse_loo = np.mean(loo_errors)

340 | print(f" LOO-CV MSE={mse_loo:.6f} (null={self.mse_null:.6f}, "
341 | f'"ratio={mse_loo/self.mse_null:.4f})")

342 |

343 | return {

344 | 'name': name, 'n_params': n_params, 'chi2': chi2,

345 | 'R2': R2, 'dAICc': dAICc, 'rho_hR': rho_model,

346 | 'params': params, 'resid_std': np.std(resid),

347 | 3

348 |

349 | #

350 | # M1: kK const (oo)

351 | #

352 | def test_Mi(self):

353 | ratio = self.ratio

354 | le = self.log_excess

355 | def fit(mask=None):

356 | r, e = (ratio, le) if mask is None else (ratio[mask], le[mask])
357 | def chi2(k):

358 | return np.sum((e - np.logl@(np.maximum(1l+k*r, 1e-10)))**2)
359 | rsc = np.median(r)

360 | if rsc &gt; 0:

361 | km = 5.0/rsc

362 | else:

363 | km = 1e40

364 | res = minimize_scalar(chi2, bounds=(-km, km), method='bounded')
365 | return [res.x]

366 | def pred(params, idx=None):

367 | k = params[0]

368 | r = ratio if idx is None else np.array([ratio[idx]])

369 | return np.loglO(np.maximum(1 + k*r, le-10))

370 | return self.test_model("M1: k=const", 1, fit, pred)

371 |

372 | #

373 | # M2: Kk x ratioAn (power-lawooo)

374 | #

375 | def test_M2(self):

376 | ratio = self.ratio

377 | le = self.log_excess

378 | log_ratio = np.logl@(np.maximum(ratio, 1le-50))

379 |

380 | def fit(mask=None):

381 | r, e = (ratio, le) if mask is None else (ratio[mask], le[mask])
382 | 1r = np.loglO(np.maximum(r, 1e-50))

383 | def chi2(p):

384 | ko, n=p

385 | val = k@ * np.abs(r)**n * np.sign(r)

386 | return np.sum((e - np.logl®(np.maximum(1 + val, 1le-10)))**2)
387 | best = None

388 | for n@ in [0.3, 0.5, 1.0, 1.5, 2.0]:

389 | rsc = np.median(r)

390 | kO_init = 0.01 / (np.median(np.abs(r))**n0@ + 1le-50)

391 | for k_sign in [1, -1]:

392 | res = minimize(chi2, [k_sign*k@_init, n@], method='Nelder-Mead',
393 | options={'maxiter': 5000, 'xatol': le-10})
394 | if best is None or res.fun &lt; best.fun:

395 | best = res

396 | return list(best.x) if best else None

397 |

398 | def pred(params, idx=None):

399 | k@, n = params

400 | r = ratio if idx is None else np.array([ratio[idx]])

401 | val = kO * np.abs(r)**n * np.sign(r)

402 | return np.logl@(np.maximum(1l + val, 1le-10))

403 |

404 | return self.test_model("M2: kexrationAn", 2, fit, pred)

405 |

406 | #

407 | # M3: €ooooo (oo/oooo)

408 | # gc = gc_deep x (1 + A x f_plastic)

409 | # f_plastic = fraction of points with € &gt; €_c

410 | #

411 | def test_M3(self):

412 | eps_profiles = self.eps_mean # use per-galaxy €_mean as proxy
413 | eps_max = self.eps_max

414 | le = self.log_excess

415 |

416 | # f_plastic(e_c) = fraction with & &gt; e€_c - use eps_max vs threshold
417 | # ooo: eps_max &gt; €_c oo "plastic-dominated"

418 | # gc = gc_deep x (e_max / €_c)MB for e _max &gt; e_c, else gc = gc_deep
419 |

420 | def fit(mask=None):

421 | em = eps_max if mask is None else eps_max[mask]

422 | e = le if mask is None else le[mask]

423 | lem = np.logl@(np.maximum(em, 1le-10))

424 |

425 | def chi2(p):
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log_ec, beta = p

excess = np.maximum(lem - log_ec, 0) # max(0, log(eps_max/eps_c))
model = beta * excess

return np.sum((e - model)**2)

best = None
for lec in np.linspace(np.percentile(lem, 10), np.percentile(lem, 90), 10)
for b in [-1, -0.5, 0.5, 1]:
res = minimize(chi2, [lec, b], method='Nelder-Mead',
options={'maxiter': 3000})
if best is None or res.fun &lt; best.fun:
best = res

return list(best.x) if best else None

def pred(params, idx=None)
log_ec, beta = params
em = eps_max if idx is None else np.array([eps_max[idx]])
lem = np.logl0(np.maximum(em, 1le-10))
excess = np.maximum(lem - log_ec, 0)
return beta * excess

return self.test_model("M3: €oo(oo/oo)", 2, fit, pred)

#
# M4: e-modulated ratio
# gc = gc_deep x (1 + Ko x ratio x (e_mean/e_ref)nm)
#
def test_M4(self):
ratio = self.ratio
eps_mean = self.eps_mean
le = self.log_excess

def fit(mask=None)
r = ratio if mask is None else ratio[mask]
em = eps_mean if mask is None else eps_mean[mask]
e = le if mask is None else le[mask]

eps_ref = np.median(em)

def chi2(p):
ko, m = p
mod = kO * r * (em / eps_ref)**m
return np.sum((e - np.logl®@(np.maximum(1l + mod, 1le-10)))**2)

rsc = np.median(r)
k_init = 0.01 / (rsc + 1le-50)
best = None
for m0 in [-2, -1, 0, 1, 2]:
for ks in [1, -1]:
res = minimize(chi2, [ks*k_init, m@], method='Nelder-Mead',
options={'maxiter': 5000})
if best is None or res.fun &lt; best.fun:
best = res
return list(best.x) if best else None

def pred(params, idx=None)
k0, m = params
r = ratio if idx is None else np.array([ratio[idx]])
em = eps_mean if idx is None else np.array([eps_mean[idx]])
eps_ref = np.median(self.eps_mean)
mod = kO * r * (em / eps_ref)**m
return np.logl@(np.maximum(1l + mod, 1le-10))

return self.test_model("M4: kexratiox(e/e_ref)Am", 2, fit, pred)

#

# M5: oooo (ool4ooooo)

# o€oooooo OC ooo

# gc = gc_deep x (1 + A x f_high_strain)

# f_high_strain = mean[g2 x I(e &gt; median_g)]
#

def test_M5(self):

# oooo € oooo: u_cubic / u_elastic = &lt;e3&gt;/&lt;e2&gt; = &lt;e&gt;_weighted
# - o€ooooo

plastic_indicator = self.u_cubic / (self.u_elastic + 1le-50)

le = self.log_excess

def fit(mask=None)
pi = plastic_indicator if mask is None else plastic_indicator[mask]
e = le if mask is None else le[mask]
log_pi = np.logl®(np.maximum(pi, 1le-10))

def chi2(p):
a, =p
model = a * log_pi
return np.sum((e - model)**2)

# linear regression

from numpy.linalg import lstsq

X = log_pi.reshape(-1, 1)

sol, _, _, _ = lstsq(X, e, rcond=None)
return [sol[0]]
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def pred(params, idx=None)
a = params[0]

pi = plastic_indicator if idx is None else np.array([plastic_indicator[idx]])

return a * np.logl0(np.maximum(pi, 1e-10))

return self.test_model("M5: ocooo &lt;e3&gt;/&lt;e2&gt;", 1, fit,

#

# M6: ooooooo / oooooooo

#

def

test_M6(self):
sk = self.strain_kin
le = self.log_excess

def fit(mask=None)
s = sk if mask is None else sk[mask]
e = le if mask is None else le[mask]
log_s = np.logl@(np.maximum(s, 1le-50))
finite = np.isfinite(log_s)
if np.sum(finite) &lt; 10: return None

from numpy.linalg import lstsq

X = log_s[finite].reshape(-1, 1)
sol, _, _, _ = lstsq(X, e[finite], rcond=None)
return [sol[0]]

def pred(params, idx=None)
a = params[0]
s = sk if idx is None else np.array([sk[idx]])
return a * np.loglO(np.maximum(s, 1e-50))

return self.test_model("M6: u_strain/E_kin", 1, fit,

pred)

#

# M7: ooooon (oo)

#
#

K ooooooooooooooooo §C oooo

def

#

test_M7(self):
gn = self.grad_nonuniform
le = self.log_excess

def fit(mask=None)
g = gn if mask is None else gn[mask]
e = le if mask is None else le[mask]
log_g = np.logl@(np.maximum(g, 1le-10))
finite = np.isfinite(log_g)
if np.sum(finite) &1lt; 10: return None
from numpy.linalg import 1stsq
X = log_g[finite].reshape(-1, 1)
sol, _, _, _ = lstsq(X, e[finite], rcond=None)
return [sol[0]]

def pred(params, idx=None)
a = params[0]
g = gn if idx is None else np.array([gn[idx]])
return a * np.logl@(np.maximum(g, 1le-10))

return self.test_model("M7: oooooe", 1, fit, pred)

# M8: eoo (d2e/dr2?)

#

def

test_M8(self):
curv = self.curvature
le = self.log_excess

def fit(mask=None)
c = curv if mask is None else curv[mask]
e = le if mask is None else le[mask]
log_c = np.logl@(np.maximum(c, 1e-80))
finite = np.isfinite(log_c)
if np.sum(finite) &1lt; 10: return None
from numpy.linalg import lstsq
X = log_c[finite].reshape(-1, 1)
sol, _, _, _ = lstsq(X, e[finite], rcond=None)
return [sol[0]]

def pred(params, idx=None)
a = params[0]

c = curv if idx is None else np.array([curv[idx]])

return a * np.logl@(np.maximum(c, 1e-80))

return self.test_model("M8: €oo d2e/dr2", 1, fit, pred)

#
# 5.

ooo

#

def main():

print("=" * 70)

print("ool4 coocooooooooooooo")
print("=" * 70)

pred)
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data = build_dataset()
mt = ModelTester(data)

results = []

results.append(mt.test_M1()) # Kk const (baseline)
results.append(mt.test_M2()) # Ko x ratio”n
results.append(mt.test_M3()) # €oo
results.append(mt.test_M4()) # €-modulated ratio
results.append(mt.test_M5()) # oooo
results.append(mt.test_M6()) # u_strain/E_kin
results.append(mt.test_M7()) # oooooo
results.append(mt.test_M8()) # €oo

results = [r for r in results if r is not None]

#

# ooo

#

print("\n" + "=" * 70)

print("ooooooooa")

print("=" * 70)

print(f"{'Model':&1t;35s} {'k':&gt;2s} {'dAICc':&gt;7s} {'R2':&gt;7s} "
f"{'p(hR)"':&gt;7s} {'std':&gt;7s}")

print("-" * 70)

print(f"{'MO: null (gc=gc_deep)':&1lt;35s} {'0':&gt;2s} {'0.0':&gt;7s} {'0.0':&gt;7s} "

f'{'--':8&9t;7s} {np.std(mt.log_excess):&gt;7.4f}")
for r in sorted(results, key=lambda x: x['dAICc'])

print(f"{r['name']:&1t;35s} {r['n_params']:&gt;2d} {r['dAICc']:&gt;+7.1f} "
f'"{r['R2"']:&gt;7.4f} {r['rho_hR']:&gt;+7.3f} {r['resid_std']:&gt;7.4f}")

# ooooo
best = min(results, key=lambda x: x['dAICc'])
print(f"\nooooo: {best['name']} (dAICc={best['dAICc']:+.1f})")

if best['dAICc'] &gt;= 0:
print("» nullooo (gc = gc,deep) Dnnnnnnnnnnnnnn")
elif best['dAICc'] &gt; -2:
print("ﬁ nnnnnnnnnnnnnnn")
elif best['dAICc'] &gt; -6:
print("- cooooooooooooo")
else:

print("- oooooooooooooo")

#
# oo
#
print("\n" + "=" * 70)
print("ooooa")
print("=" * 70)
print("""

E_grad/E_local oool8% (B-o) cooooooooooooo

oo8oooooonoooooooooooooooooooon

oooo .
dAICc &lt; -6 - oooooooooooooo
dAICc &lt; -2 - oooooooooo
dAICc &gt;= ® - ooooooooooooo

oooooooooooo
- E_grad/E_local oooooooooooooooo
— ool4oop_eff = u_strain/c2cooooooooooo

— 00000000O00000000000000O0O00O00O0O0O0O0O0

ooooooooooooo
— ool4ooooooooo

- K(€) ooooooooooooooooo

iy

#
# o
#
try:

import matplotlib

matplotlib.use('Agg')

import matplotlib.pyplot as plt

fig, axes = plt.subplots(2, 2, figsize=(12, 10))
fig.suptitle('Non-linear membrane stiffness models', fontsize=14)

# (a) dAICc comparison

ax = axes[0, 0]

names = [r['name'].split(':"')[0] for r in results]
daics = [r['dAICc'] for r in results]

colors = ['green' if d &lt; -6 else 'orange' if d &lt; -2 else 'red' for d in daics]

ax.barh(range(len(names)), daics, color=colors, alpha=0.7)
ax.set_yticks(range(len(names)))

ax.set_yticklabels(names, fontsize=8)

ax.axvline(@, color='black', 1ls='--', 1lw=1)

ax.axvline(-2, color='grey', ls=':', 1lw=1)
ax.set_xlabel('dAICc vs null')

ax.set_title('Model comparison')
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# (b) R2 comparison
ax = axes[0, 1]

r2s = [r['R2'] for r in results]
r2s, color='steelblue', alpha=0.7)
ax.set_yticks(range(len(names)))

ax.barh(range(len(names)),

ax.set_yticklabels(names

ax.set_xlabel('R2")

fontsize=8)

ax.set_title('variance explained')

# (c) hR partial correlation

ax = axes[1, 0]

rhos = [abs(r['rho_hR']) for r in results]
rhos, color='coral', alpha=0.7)
rho_obs_val = abs(results[0]['rho_hR']) if results else 0.35

ax.barh(range(len(names)),

ax.axvline(rho_obs_val, color='black',

ax.set_yticks(range(len(names)))

ax.set_yticklabels(names

fontsize=8)

ls='--",

ax.set_xlabel('|p(gc_model, hR | vflat)|')

ax.set_title('hR partial correlation (lower=better)')

ax.legend(fontsize=

# (d) scatter: best model prediction vs excess

ax = axes[1, 1]
if best:

ax.scatter(mt.log_excess,

8)

pred_best = best.get('params')
ax.set_xlabel('log10(gc_obs/gc_deep)')
ax.set_ylabel('model prediction')

ax.set_title(f'Best model: {best["name"]}')

plt.tight_layout()

figpath = os.path.join(BASE,

plt.savefig(figpath, dpi=150)
print(f"\noooo: {figpath}")

except Exception as e:
print(f"\nooooooo:

print("\nooa")

if __name__ == '__main__':
main()

{e}")

lw=1, label='gc_obs baseline')

np.zeros(mt.N), s=10, alpha=0.3, label='null residual')

'kappa_nonlinear_results.png')



Script 3: sparc_kappa_circularity.py

BrY
M3/M6/M8 @ R™2=0.55 H* gc deep B/ A XDT7—F 4 7 79 N THRWHDIREE

epsilon = sart(gN/gc_deep) 72D T gc_deep N FHEME BBELHOTMAICHEEIN S, gc_deep #E/ 1 ADBREMFD
R2 AL TREM %A 5 ERBSTHRREE, T1: Split-half gc_deep (F—4 mA&E2HE], MITIC gc_deep HEE. TE/A) . T2:
gc deep v w 7J) (BBABETY v v 7). 1000E) , T3: gc obs EIEFB (gc deep ZNM I/ proxy TFEI) , T4:
gc deep FEE, (+/-0.0570.5 dex /A XBAN) ., T5: log excess vs log(strain kin) DEBIEEFZRD T,

LEES
BOWIEEES &R, T1: split-half T R™2 #° 93-96% ##F, T2: v v I TREMEK (mean=0.117, p=0.0000) , T3:
BAEERZ B2 2W3ER (dR72=10.119) ,

EITHE

uv run --with scipy --with matplotlib python sparc_kappa_circularity.py

AJSI3TF—4%: sparc_gc.csv + Rotmod LTG/*. dat
H: Z2#EHD (BAaL)

Y—Z31—REX

1 | #!/usr/bin/env python3

2 |

3 | sparc_kappa_circularity.py

4|

5 | M3/M6/M8 o R2=0.55 wmooo? gc_deepooooooon

6 |

7 | ooooo:

8 | oooo: y = log(gc_obs / gc_deep)

9 | oooo: X = f(g), € = sqrt(gN / gc_deep)

10 | - gc_deep o Y oooo X ooooooooo

11 | - gc_deep ooooo Y o X oooooooo — ooooR?2

12 |

13 | ooo:

14 | T1: Split-half gc_deep — coooo2oooooogc_deepooo
15 | oooogc_deepoooooo - ooooooo - ooR?

16 | T2: gc_deep coooo — gc_deep cooooooooo

17 | gc_deep cooooo — R?2 coooooooo

18 | T3: gc_obs oooo — y = log(gc_obs) ooo (gc_deep ooooo)
19 | - gc_deep oooooooooooo

20 | T4: ooooo gc_deep — gc_deep oooooo #0.2 dex oo
21 | - R? oooo (oooooooooooo)

22

23 | @o: uv run --with scipy --with matplotlib python sparc_kappa_circularity.py
24 | mnw

25

26 | import os, sys

27 | import numpy as np

28 | from scipy.optimize import minimize_scalar, minimize
29 | from scipy.stats import spearmanr

30 | import warnings

31 | warnings.filterwarnings('ignore')

32

33 | BASE = r"D:\oooooo\oooooo\ooooo\ooooooo\oooa"

34 | ROTMOD = os.path.join(BASE, "Rotmod_LTG")

35 | GC_CSV = os.path.join(BASE, "sparc_gc.csv")

36 | a® = 1.2e-10

37 |

38 | #

39 | # ooooooo (oooooooo)

40 | #

41 | def load_gc_csv():

42 | import csv

43 | data = {}

44 | with open(GC_CSV, 'r') as f:

45 | reader = csv.DictReader(f)

46 | for row in reader:

47 | name = None

48 | for k in row:

49 | if 'gal' in k.lower() or 'name' in k.lower()
50 | name = row[k].strip(); break
51 | if not name: continue

52 | gc_val = None

53 | for k in ['gc', 'gc_obs', 'g_c','gc_a0']:
54 | if k in row and row[k]:

55 | try: gc_val = float(row[k]); break
56 | except: pass

57 | if gc_val is None: continue
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vflat, hR, Yd = None, None, None
for k in ['vflat', 'vflat',6 'v_flat']:
if k in row and row[k]:
try: vflat = float(row[k]);
except: pass
for k in ['hR', 'Reff', 'h_R', 'hr']:
if k in row and row[k]:

break

try: hR = float(row[k]); break

except: pass
for k in ['yd',6'yd','y_d',6'SPS']:
if k in row and row[k]:

try: Yd = float(row[k]); break

except: pass
data[name] = {'gc': gc_val, 'vflat':
gc_vals = [d['gc'] for d in data.values()]
if np.median(gc_vals) &gt; 1le-5:
for n in data: data[n]['gc'] *= a@
return data

def load_rotcurve(galaxy_name)
fname = os.path.join(ROTMOD, f"{galaxy_name}
if not os.path.exists(fname): return None

vflat, 'hR': hR, 'vd': Yd}

_rotmod.dat")

cols = {k: [] for k in ['r','vobs', 'vgas', 'vdisk', 'vbul']}

with open(fname, 'r') as f:
for line in f:
line = line.strip()
if not line or line.startswith('#'):
p = line.split()
if len(p) &lt; 6: continue
try:
cols['r'].append(float(p[0]))
cols['vobs'].append(float(p[1]))
cols['vgas'].append(float(p[3]))
cols['vdisk'].append(float(p[4])
cols['vbul'].append(float(p[5]))
except: continue
if len(cols['r']) &lt; 5: return None

continue

)

return {k: np.array(v) for k, v in cols.items()}

def compute_gc_deep_from_indices(rc, Yd, indices):

ooooooooooooooooo gC_deep ooo
r_m = rc['r'][indices] * 3.086e19

v_bar2 = (Yd * rc['vdisk'][indices]**2 + rc[
v_obs2 = (rc['vobs'][indices] * 1e3)**2

gN = v_bar2 / r_m

gobs = v_obs2 / r_m

mask = gN &gt; ©

if np.sum(mask) &lt; 3: return None

gc_pts = gobs[mask]**2 / gN[mask]

gc_med = np.median(gc_pts)

if gc_med &lt;= 0: return None

X = gN[mask] / gc_med

deep = x &lt; 1.0

'vgas'][indices]**2 + rc['vbul'][indices]**2) * 1e6

return np.median(gc_pts[deep]) if np.sum(deep) &gt;= 3 else gc_med

def compute_gc_deep(rc, Yd=0.5):
return compute_gc_deep_from_indices(rc, Yd,

def compute_quantities(rc, gc_deep, Yd=0.5):
"""M6 (u_strain/E_kin) o M3 (eps_max) o M8 (
r-m=rc['r'] * 3.086e19
v_bar2 = (Yd * rc['vdisk']**2 + rc['vgas']**
v_obs2 = (rc['vobs'] * 1e3)**2
gN = np.maximum(v_bar2 / r_m, 0)
epsilon = np.sqrt(gN / gc_deep)

u_elastic = np.mean(epsilon**2)
E_kin = np.mean(v_obs2)
strain_kin = u_elastic / (E_kin / (3.086e19)

eps_max = np.max(epsilon)

if len(epsilon) &gt;= 5:
d2eps = np.gradient(np.gradient(epsilon,
curvature = np.mean(d2eps**2)

else:
curvature = 0

return {'strain_kin': strain_kin, 'eps_max':

#

np.arange(len(rc['r'])))

curvature) ooo"""

2 + rc['vbul']**2) * 1e6

**2) if E_kin &gt; O else 0

r_m), r_m)

eps_max, 'curvature': curvature}

# M6 oooooo

#

def fit_M6(log_excess, log_sk)

"""M6: y = a * log(strain_kin) - 1-param OLS"""
finite = np.isfinite(log_sk) &amp; np.isfinite(log_excess)

if np.sum(finite) &lt; 10: return None, 999
from numpy.linalg import lstsq

X = log_sk[finite].reshape(-1, 1)

sol, _, _, _ = lstsq(X, log_excess[finite]
pred = sol[0] * log_sk

pred[~finite] = 0

rcond=None)



150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180

181
182
183
184

186
187
188
189
190
191
192
193
194
195
196
197

199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238

240
241

chi2 = np.sum((log_excess - pred)**2)
return sol[0], chi2

def fit_M3(log_excess, log_eps_max):
"""M3: y = B * max(®, log(eps_max) - log(eps_c))"""
finite = np.isfinite(log_eps_max)
lem = log_eps_max[finite]
e = log_excess[finite]
best = None
for lec in np.linspace(np.percentile(lem, 10), np.percentile(lem, 90), 20)
for b in np.linspace(-1, 1, 20):
excess = np.maximum(lem - lec, 0)
chi2 = np.sum((e - b * excess)**2)
if best is None or chi2 &lt; best[0]
best = (chi2, 1lec, b)
if best is None: return None, None, 999
# refine
def chi2_f(p):
exc = np.maximum(lem - p[G], ©)
return np.sum((e - p[1] * exc)**2)
res = minimize(chi2_f, [best[1], best[2]], method='Nelder-Mead')
return res.x[0], res.x[1], res.fun

#
# ooo
#
def main():

print("=" * 70)

print("ooooooo: M3/M6/M8 o R2=0.55 oooo?")

print("=" * 70)

gc_data = load_gc_csv()

# ooooo
galaxies = []
for gname in sorted(gc_data.keys()):
gd = gc_data[gname]
gc_obs, vflat, hR = gd['gc'], gd.get('vflat'), gd.get('hR")
Yd = gd.get('yd') or 0.5
if gc_obs &lt;= 0 or not vflat or not hR or vflat &lt;= 0 or hR &lt;= 0O:
continue
rc = load_rotcurve(gname)
if rc is None or len(rc['r']) &lt; 8: continue # need enough points for split
gc_deep = compute_gc_deep(rc, Yd)
if gc_deep is None or gc_deep &lt;= 0: continue
sq = compute_quantities(rc, gc_deep, Yd)
if sq['strain_kin'] &lt;= 0: continue
galaxies.append({
'name': gname, 'gc_obs': gc_obs, 'gc_deep': gc_deep,
'vflat': vflat, 'hR': hR, 'Yd': Yd, 'rc': rc, **sq
H

N = len(galaxies)
print(f"Galaxies: {N}\n")

gc_obs = np.array([g['gc_obs'] for g in galaxies])

gc_deep = np.array([g['gc_deep'] for g in galaxies])
strain_kin = np.array([g['strain_kin'] for g in galaxies])
eps_max = np.array([g['eps_max'] for g in galaxies])
curvature = np.array([g['curvature'] for g in galaxies])
vflat = np.array([g['vflat'] for g in galaxies])

hR = np.array([g['hR'] for g in galaxies])

log_excess = np.logl@(gc_obs / gc_deep)

log_sk = np.log10(np.maximum(strain_kin, 1e-50))
log_em = np.loglO(np.maximum(eps_max, le-10))
log_curv = np.logl@(np.maximum(curvature, 1e-80))

# --- Baseline ---

chi2_null = np.sum(log_excess**2)

a_mé, chi2_m6é = fit_M6(log_excess, log_sk)

R2_m6 = 1 - chi2_m6/chi2_null

print(f"Baseline M6: a={a_m6:.4f}, R2={R2_m6:.4f}")

lec_m3, beta_m3, chi2_m3 = fit_M3(log_excess, log_em)
R2_m3 = 1 - chi2_m3/chi2_null
print(f"Baseline M3: e_c={10**1lec_m3:.4f}, B={beta_m3:.3f}, R2={R2_m3:.4f}")

#

# T1: Split-half gc_deep (ooooo)
#

print("\n" + "=" * 70)

print("T1: Split-half gc_deep")

print("=" * 70)

print("ooooooooooo/ooooooooogc_deepoon")

print("gc_deep_A o € oooogc_deep_B o excess ooo - omoooo\n")

np.random.seed(42)

R2_split_m6 = []
R2_split_m3 = []

for trial in range(100):
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gc_d
gc_d
vali

for

if n

# €
# -
le_B

# M6
sk_A
for

sk_A
log_

a_s,
if a

# M3
em_A
for

em_A
log_

—r
R2_s
R2_s

eep_A = np.zeros(N)
eep_B = np.zeros(N)
d = np.ones(N, dtype=bool)

i, g in enumerate(galaxies):

rc = g['rc']

n_pts = len(rc['r'])

perm = np.random.permutation(n_pts)
half = n_pts // 2

idxA, idxB = perm[:half], perm[half:]

gA = compute_gc_deep_from_indices(rc, g['Yd'], 1idxA)
gB = compute_gc_deep_from_indices(rc, g['Yd'], 1idxB)

if gA is None or gB is None or gA &lt;= 0 or gB &lt;= 0:

valid[i] = False

continue
gc_deep_A[i] = gA
gc_deep_B[i] = gB

p.sum(valid) &lt; 50:
continue

from gc_deep_A, excess from gc_deep_B
oooooo

= np.logl0(gc_obs[valid] / gc_deep_B[valid])

: strain_kin using gc_deep_A
=[]

i in np.where(valid)[0]:

sq = compute_quantities(galaxies[i]['rc'], gc_deep_A[i], galaxies[i]['Yd'])

sk_A.append(sq['strain_kin'])
= np.array(sk_A)
sk_A = np.logl0(np.maximum(sk_A, 1e-50))

chi2_s = fit_M6(le_B, log_sk_A)

_s is not None:

R2_s = 1 - chi2_s / np.sum(le_B**2)
R2_split_m6.append(R2_s)

1 eps_max using gc_deep_A
=11

i in np.where(valid)[0]:

sq = compute_quantities(galaxies[i]['rc'], gc_deep_A[i], galaxies[i]['Yd'])

em_A.append(sq['eps_max'])
= np.array(em_A)
em_A = np.logl@(np.maximum(em_A, le-10))

_, chi2_s3 = fit_M3(le_B, log_em_A)

3 =1 - chi2_s3 / np.sum(le_B**2)
plit_m3.append(R2_s3)

R2_split_m6 = np.array(R2_split_mé)
R2_split_m3 = np.array(R2_split_m3)

print(f"M6 split-half R2: mean={np.mean(R2_split_m6):.4f} "

£

(baseline={R2_m6:.4f}, ratio={np.mean(R2_split_m6)/R2_m6:.2f})")

print(f"M3 split-half R2: mean={np.mean(R2_split_m3):.4f} "

£

(baseline={R2_m3:.4f}, ratio={np.mean(R2_split_m3)/R2_m3:.2f})")

if np.mean(R2_split_mé) / R2_m6 &lt; 0.3:

print("o M6: R2 o 70%+ oo - gc_deep ooooooooa'")
elif np.mean(R2_split_m6) / R2_m6 &lt; 0.7:
print("s M6: R2 o 30-70% oo — ooooooooa")
else:
print("a M6: R2 coooo - ooooooo")
#
# T2: gc_deep ooooo
#
print("\n" + "=" * 70)

print("T2: gc_deep ooooo (1000c)")
print("=" * 70)

np.random.seed(42)
R2_shuffle_mé = []

for _

in
perm
gc_d
le_s

sk_s
for
sk_s

log_.

a_s,
if a

range(1000):

= np.random.permutation(N)
eep_s = gc_deep[perm]

= np.logl0(gc_obs / gc_deep_s)

=1

i in range(N):

sq = compute_quantities(galaxies[i]['rc'], gc_deep_s[i], galaxies[i]['Yd'])

sk_s.append(sq['strain_kin'])
= np.array(sk_s)
sk_s = np.logl0(np.maximum(sk_s, 1e-50))

chi2_s = fit_M6(le_s, log_sk_s)

_s is not None:

R2_shuffle_m6.append(1 - chi2_s / np.sum(le_s**2))
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R2_shuffle_m6é = np.array(R2_shuffle_m6)

p_val = np.mean(R2_shuffle_m6 &gt;= R2_m6)

print(f"M6 shuffle R2: mean={np.mean(R2_shuffle_m6):.4f}, "
f"max={np.max(R2_shuffle_m6):.4f}")

print(f"Real R2={R2_m6:.4f}, p={p_val:.4f}")

if np.mean(R2_shuffle_m6) &gt; 0.3:
print("o ooooooo R2 ooo - gc_deep cooooooooo")
else:

print("oc oooooo R?2 oo - oooooooo")

#

# T3: gc_obs oooo (gc_deep ooo)
#

print("\n" + "=" * 70)

print("T3: gc_obs oooo (gc_deep ooooo)")
print("=" * 70)

# M6ooo gc_deep ooooo:

# gN_mean = mean(V_bar2/r) (gc_deep oo)

# E_kin_mean = mean(V_obs?)

# proxy_ratio = gN_mean / E_kin_mean (coooooooooo)

log_gc_obs = np.logl0(gc_obs)

# gc_deep-free oo
gN_mean_arr = []

E_kin_arr = []
for g in galaxies:
rc = g['rc']
r_m=rc['r'] * 3.086e19
v_bar2 = (g['Yd'] * rc['vdisk']**2 + rc['vgas']**2 + rc['vbul']**2) * 1e6
v_obs2 = (rc['vobs'] * 1e3)**2
gN = np.maximum(v_bar2 / r_m, 0)
gN_mean_arr.append(np.mean(gN))
E_kin_arr.append(np.mean(v_obs2))

gN_mean = np.array(gN_mean_arr)
E_kin = np.array(E_kin_arr)

# gc_deep-free proxy: gN_mean / E_kin (~ €2 o proxy)
proxy_nofree = gN_mean / (E_kin / (3.086e19)**2)
log_proxy = np.logl0(np.maximum(proxy_nofree, 1e-50))

# gc_obs o log_proxy ooo

from numpy.linalg import lstsq

finite = np.isfinite(log_proxy)

X = np.column_stack([log_proxy[finite], np.ones(np.sum(finite))])
sol, _, _, _ = lstsq(X, log_gc_obs[finite], rcond=None)
pred_direct = sol[0] * log_proxy + sol[1]

chi2_direct = np.sum((log_gc_obs - pred_direct)**2)
chi2_null_direct = np.sum((log_gc_obs - np.mean(log_gc_obs))**2)
R2_direct = 1 - chi2_direct / chi2_null_direct

print(f'gc_obs ~ proxy (gc_deep-free): R2={R2_direct:.4f}")
print(f" (cf. M6 R2={R2_m6:.4f} uses gc_deep in both sides)")

# gc_obs o vflat2/hR ooo (ooooooo proxy)

log_GSigma = np.logl@(vflat**2 / hR)

X2 = np.column_stack([log_GSigma, np.ones(N)])

sol2, _, _, _ = lstsq(X2, log_gc_obs, rcond=None)

pred_gs = sol2[0] * log_GSigma + sol2[1]

R2_gs = 1 - np.sum((log_gc_obs - pred_gs)**2) / chi2_null_direct
print(f'"gc_obs ~ vflat2/hR (ocooo): R2={R2_gs:.4f}")

# gc_obs o gc_deep-free proxy + vflat2/hR ooo

X3 = np.column_stack([log_proxy[finite], log_GSigma[finite], np.ones(np.sum(finite))])
sol3, _, _, _ = lstsq(X3, log_gc_obs[finite], rcond=None)

pred_comb = sol3[0]*log_proxy + sol3[1]*log_GSigma + sol3[2]

R2_comb = 1 - np.sum((log_gc_obs - pred_comb)**2) / chi2_null_direct

print(f'"gc_obs ~ proxy + vflat2/hR: R2={R2_comb:.4f}")

print(f" proxy ooo dR?2 = {R2_comb - R2_gs:.4f}")

if R2_comb - R2_gs &lt; 0.02:
print("s proxy o vflat2/hR coooooooooooooo")
else:
print(f"a proxy o vflat2/hR o +{(R2_comb-R2_gs)*100:.1f}% cooooooa")

#

# T4: gc_deep ooooo

#

print("\n" + "=" * 70)

print("T4: gc_deep ooooa")
print("=" * 70)

np.random.seed(42)
perturbations = [0.05, 0.1, 0.2, 0.3, 0.5] # dex

for sigma in perturbations:
R2_perturbed = []
for _ in range(100):
noise = 10**(np.random.normal(®, sigma, N))
gc_deep_p = gc_deep * noise
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le_p = np.logl0(gc_obs / gc_deep_p)

sk_p =[]

for i in range(N):
sq = compute_quantities(galaxies[i]['rc'], gc_deep_p[i], galaxies[i]['Yd'])
sk_p.append(sq['strain_kin'])

sk_p = np.array(sk_p)

log_sk_p = np.logl@(np.maximum(sk_p, 1le-50))

a_p, chi2_p = fit_M6(le_p, log_sk_p)
if a_p is not None:
R2_perturbed.append(1 - chi2_p / np.sum(le_p**2))

R2_p = np.array(R2_perturbed)
print(f" sigma={sigma:.2f} dex: R2={np.mean(R2_p):.4f} "
f'"(baseline={R2_m6:.4f}, ratio={np.mean(R2_p)/R2_m6:.2f})")

#

# T5: oo — €2 = gN/gc_deep o y = log(gc_obs/gc_deep) o
# ooooooooooo

#

print("\n" + "=" * 70)

print("T5: oooooooo")
print("=" * 70)

M6 ooo:

y = a x log(strain_kin) = a x log(&lt;e2&gt; / E_kin_scaled)
€2 = gN/gc_deep

y = log(gc_obs/gc_deep)

deep MOND: gc_obs = sqrt(gN x gc_deep_true) / something

- log(gc_obs/gc_deep) = log(gc_obs) - log(gc_deep)

- if gc_deep has error d: y =y true - &

- €2 = gN/gc_deep = (gN/gc_deep_true) x 107>

- log(e?) = log(e2_true) + o

-y =y true - §, x = x_true + 8 - anti-correlation from &

oKW HEE K HEHE R H

# ooooo: log_excess vs log(&lt;e2&gt;) ooo
log_eps2_mean = np.logl@(np.array([g['strain_kin'] for g in galaxies]) *
E_kin / (3.086e19)**2 + 1e-50)
# Actually &lt;e2&gt; = u_elastic
u_el = np.array([np.mean(np.sqrt(np.maximum(
(g['Yd']*g['rc']['vdisk']**2 + g['rc']['vgas']**2 + g['rc']['vbul']**2)*1e6 /
(g['rc']['r']1*3.086e19) / g['gc_deep'], 0)))**2
for g in galaxies]) # &€_mean2 proxy

# simpler: just compute correlation of excess with & quantities
rho_direct, p_direct = spearmanr(log_excess, np.logl@(np.maximum(strain_kin, 1e-50)))
print(f"p(log_excess, log_strain_kin) = {rho_direct:+.3f} (p={p_direct:.2e})")

# If this is ~-0.7 or stronger, it's suspicious
if abs(rho_direct) &gt; 0.6:

print("o ooooo - gc_deep ooooooooo")
elif abs(rho_direct) &gt; 0.3:

print("o oooooo - ocooooooooooooooooo')

else:
print("o ooos - gc_deep cooooooooa")

#
# oooo
#
print("\n" + "=" * 70)

print("oooa")

print("=" * 70)

print(f"""

H

Split-half: M6 R2? {np.mean(R2_split_m6):.4f} / {R2_m6:.4f} = {np.mean(R2_split_m6)/R2_m6
Split-half: M3 R2 {np.mean(R2_split_m3):.4f} / {R2_m3:.4f} = {np.mean(R2_split_m3)/R2_m3
Shuffle: mean R2={np.mean(R2_shuffle_m6):.4f}, p={p_val:.4f}

Direct: gc_deep-free R2={R2_direct:.4f}, dR2 over geometric mean = {R2_comb-R2_gs:.4f}
Correlation: p={rho_direct:+.3f}

oooo

Sp

-

Sp

oo

iy

lit-half ratio &gt; 0.7 AND shuffle p &lt; 0.01 AND dR2?(T3) &gt; 0.02

ooooooo

lit-half ratio &lt; 0.3 OR shuffle R2 &gt; 0.3
gc_deep oooooooooooooo

— DO0OOoOOoOOOoOOOOOOO0O

print("ooa")

if __name__ == '__main__':

main()

1. 2f}
1. 2f}



Script 4: sparc_M3_M6_independence.py

BrY
M3 (epsilonB{E) & M6 (u strain/E kin) PHEBHATTENDHE

TERRES R b: T1: M35EE vs MEEEZMIERT, T2: M3+M6 A EFI (3785 X—4%) D dAICc, T2b: LOO-CV
TREETIHIEMELYRET DN, T3: S R2 (M3EZ4% M6 TFE / M6FEZE% M3 TFEI) . T4: hR
RIEEADERFEMINZE, T5: M3IEIEE MIRIZDYIEBMMIIM (vilatiEHl T D4ERE) . T6: M3/M6/M8 D=ARE&K, T7:
vy ZIVHIIET RN,

&R

M6 (& M3 DTRAREIEZE, T3: M6 -> M3FRZE R™2=0.0000 (irlE®RtENQ) . T7: >vv 2L
p=0.76 (fRFAREXBIART) , T5: vflat HHEITT
rho=0.90 (IZIFE—) . FEVAQFENIE 3RF] H 5 M3DIRFIDH ] ITHEN,

== N
5%13’75/%
uv run --with scipy --with matplotlib python sparc_M3_M6_independence.py

AFBT—4%: sparc _gc.csv + Rotmod LTG/*. dat
H/3: M3 _M6_independence.png + ZE#H 1

Y—RAI—REX

1 | #!/usr/bin/env python3

2 | v

3 | sparc_M3_M6_independence.py

4|

5 | M3 (egoo) o M6 (u_strain/E_kin) oooooooo?

6 |

7 | ooo

8 | T1: M3oo VS M6oo ooo — oooooo

9 | T2: M3+M6 combined model (3 param) — dAICC oooooo
10 | T3: M3ooo M6 ooo / M6ooo M3 coo — ooR2?

11 | T4: cooooo: M3ooooo M6 o hRooooo

12 | T5:! oooooo: M3oooM6ooooooo

13 |

14 | oo: uv run --with scipy --with matplotlib python sparc_M3_M6_independence.py
15 | "

16 |

17 | import os, sys

18 | import numpy as np

19 | from scipy.optimize import minimize, minimize_scalar
20 | from scipy.stats import spearmanr, pearsonr

21 | import warnings

22 | warnings.filterwarnings('ignore')

23 |

24 | BASE = r"D:\oooooo\oooooo\ooooo\ooooooo\oooo"

25 | ROTMOD = os.path.join(BASE, "Rotmod_LTG")

26 | GC_CSV = os.path.join(BASE, "sparc_gc.csv")

27 | a@ = 1.2e-10

28 |

29 | #

30 | # ooooooo (oo)

31 | #

32 | def load_gc_csv():

33 | import csv

34 | data = {}

35 | with open(GC_CSV, 'r') as f:

36 | reader = csv.DictReader(f)

37 | for row in reader:

38 | name = None

39 | for k in row:

40 | if 'gal' in k.lower() or 'name' in k.lower():
41 | name = row[k].strip(); break
42 | if not name: continue

43 | gc_val = None

44 | for k in ['gc', 'gc_obs','g_c','gc_a0']:
45 | if k in row and row[k]:

46 | try: gc_val = float(row[k]); break
47 | except: pass

48 | if gc_val is None: continue

49 | vflat, hR, Yd = None, None, None

50 | for k in ['vflat', 'vflat',6 'v_flat']:

51 | if k in row and row[k]:

52 | try: vflat = float(row[k]); break
53 | except: pass

54 | for k in ['hR', 'Reff','h_R', 'hr']:

55 | if k in row and row[k]:



56 | try: hR = float(row[k]); break

57 | except: pass

58 | for k in ['yd','yd','y_d','SPS']:

59 | if k in row and row[k]:

60 | try: Yd = float(row[k]); break

61 | except: pass

62 | data[name] = {'gc': gc_val, 'vflat': vflat, 'hR': hR, 'Yvd': Yd}
63 | gc_vals = [d['gc'] for d in data.values()]

64 | if np.median(gc_vals) &gt; 1le-5:

65 | for n in data: data[n]['gc'] *= a@

66 | return data

67 |

68 | def load_rotcurve(gname)

69 | fname = os.path.join(ROTMOD, f"{gname}_rotmod.dat")

70 | if not os.path.exists(fname): return None

71 | cols = {k: [] for k in ['r','vobs', 'vgas', 'vdisk', 'vbul']}

72 | with open(fname, 'r') as f:

73 | for line in f:

74 | line = line.strip()

75 | if not line or line.startswith('#'): continue

76 | p = line.split()

77 | if len(p) &lt; 6: continue

78 | try:

79 | cols['r'].append(float(p[0]))

80 | cols['vobs'].append(float(p[1]))

81 | cols['vgas'].append(float(p[3]))

82 | cols['vdisk'].append(float(p[4]))

83 | cols['vbul'].append(float(p[5]))

84 | except: continue

85 | if len(cols['r']) &lt; 5: return None

86 | return {k: np.array(v) for k, v in cols.items()}

87 |

88 | def compute_gc_deep(rc, Yd=0.5):

89 | rm=rc['r'] * 3.086e19

20 | v_bar2 = (Yd * rc['vdisk']**2 + rc['vgas']**2 + rc['vbul']**2) * 1e6
91 | v_obs2 = (rc['vobs'] * 1e3)**2

92 | gN = v_bar2 / r_m

93 | gobs = v_obs2 / r_m

94 | mask = gN &gt; ©

95 | if np.sum(mask) &lt; 3: return None

96 | gc_pts = gobs[mask]**2 / gN[mask]

97 | gc_med = np.median(gc_pts)

98 | if gc_med &lt;= 0: return None

99 | x = gN[mask] / gc_med

100 | deep = x &lt; 1.0

101 | return np.median(gc_pts[deep]) if np.sum(deep) &gt;= 3 else gc_med
102 |

103 | def compute_quantities(rc, gc_deep, Yd=0.5):

104 | r-m=rc['r'] * 3.086e19

105 | v_bar2 = (Yd * rc['vdisk']**2 + rc['vgas']**2 + rc['vbul']**2) * 1e6
106 | v_obs2 = (rc['vobs'] * 1e3)**2

107 | gN = np.maximum(v_bar2 / r_m, 0)

108 | epsilon = np.sqrt(gN / gc_deep)

109 |

110 | u_elastic = np.mean(epsilon**2)

111 | E_kin = np.mean(v_obs2)

112 | strain_kin = u_elastic / (E_kin / (3.086e19)**2) if E_kin &gt; O else 0
113 | eps_max = np.max(epsilon)

114 |

115 | if len(epsilon) &gt;= 5:

116 | d2eps = np.gradient(np.gradient(epsilon, r_m), r_m)

117 | curvature = np.mean(d2eps**2)

118 | else:

119 | curvature = 0

120 |

121 | # E_grad/E_local (ratio from previous sessions)

122 | deps_dr = np.zeros_like(epsilon)

123 | deps_dr[0] = (epsilon[1] - epsilon[0]) / (r_m[1] - r_m[0])

124 | deps_dr[-1] = (epsilon[-1] - epsilon[-2]) / (r_m[-1] - r_m[-2])
125 | for i in range(1, len(epsilon)-1):

126 | deps_dr[i] = (epsilon[i+1] - epsilon[i-1]) / (r_m[i+1] - r_m[i-1])
127 | E_grad = np.mean(deps_dr**2)

128 | E_local = np.mean(epsilon**2)

129 | ratio = E_grad / E_local if E_local &gt; 0 else 0

130 |

131 | return {

132 | 'strain_kin': strain_kin, 'eps_max': eps_max, 'curvature': curvature,
133 | 'ratio': ratio, 'eps_mean': np.mean(epsilon),

134 | 'n_points': len(epsilon), 'rmax_hR': rc['r']J[-1]

135 | 3

136 |

137 | #

138 | # ooooo

139 | #

140 | def build_dataset():

141 | gc_data = load_gc_csv()

142 | results = []

143 | for gname in sorted(gc_data.keys()):

144 | gd = gc_data[gname]

145 | gc_obs, vflat, hR = gd['gc'], gd.get('vflat'), gd.get('hR")
146 | Yd = gd.get('yd') or 0.5

147 | if gc_obs &lt;= 0 or not vflat or not hR or vflat &lt;= 0 or hR &lt;= 0O:
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continue
rc = load_rotcurve(gname)
if rc is None: continue
gc_deep = compute_gc_deep(rc, Yd)
if gc_deep is None or gc_deep &lt;= 0: continue
sq = compute_quantities(rc, gc_deep, Yd)
if sq['strain_kin'] &lt;= 0: continue
results.append({
'name': gname, 'gc_obs': gc_obs, 'gc_deep': gc_deep,
'vflat': vflat, 'hR': hrR, 'Yd': Yd,
‘rmax_hR': rc['r']J[-1] / hR if hR &gt; 0 else 0O,
**{k: sq[k] for k in ['strain_kin', 'eps_max', 'curvature', 'ratio', 'eps_mean']},
H
print(f"Dataset: {len(results)} galaxies\n")
return results

#
# ooooooooo
#
def fit_M3(log_excess, log_eps_max, mask=None)
"""M3: y = beta * max(0, log(eps_max) - log_ec)"""
if mask is None: mask = np.ones(len(log_excess), dtype=bool)
lem = log_eps_max[mask]
e = log_excess[mask]
best = None
for lec in np.linspace(np.percentile(lem, 5), np.percentile(lem, 95), 30):
for b in np.linspace(-1, 1, 30):
exc = np.maximum(lem - lec, 0)
chi2 = np.sum((e - b * exc)**2)
if best is None or chi2 &lt; best[0]
best = (chi2, lec, b)
if best is None: return None
res = minimize(lambda p: np.sum((e - p[1]*np.maximum(lem-p[0],0))**2),

[best[1], best[2]], method='Nelder-Mead')
return res.x # [log_ec, beta]

def pred_M3(params, log_eps_max)
log_ec, beta = params
return beta * np.maximum(log_eps_max - log_ec, 0)

def fit_M6(log_excess, log_sk, mask=None):
"""M6: y = a * log(strain_kin)"""
if mask is None: mask = np.ones(len(log_excess), dtype=bool)
finite = np.isfinite(log_sk[mask])
from numpy.linalg import lstsq
X = log_sk[mask][finite].reshape(-1, 1)
sol, _, _, _ = lstsq(X, log_excess[mask][finite], rcond=None)
return sol[0] # a

def pred_M6(a, log_sk):
return a * log_sk

#
# AICC
#
def aicc(chi2, n, k)

aic = chi2 + 2*k

if n - k - 1 &gt; O:

return aic + 2*k*(k+1) / (n - k - 1)
return aic

def partial_corr(x, y, z):
"""rho(x,y|z)"""
cx = np.polyfit(z, x, 1)
cy = np.polyfit(z, y, 1)
return spearmanr(x - np.polyval(cx, z), y - np.polyval(cy, z))

def partial_corr_multi(target, y, controls):
from numpy.linalg import lstsq
X = np.column_stack([*controls, np.ones(len(target))])
ct, _, _, _ = lstsq(X, target, rcond=None)
¢y, _, _, _ = lstsq(X, y, rcond=None)
return spearmanr(target - X @ ct, y - X @ cy)

#
# ooo
#
def main():
print("=" * 70)
print("M3 vs M6 ocooooo")
print("=" * 70)

data = build_dataset()
N = len(data)

gc_obs = np.array([d['gc_obs'] for d in data])

gc_deep = np.array([d['gc_deep'] for d in data])
strain_kin = np.array([d['strain_kin'] for d in data])
eps_max = np.array([d['eps_max'] for d in data])
curvature = np.array([d['curvature'] for d in data])
ratio = np.array([d['ratio'] for d in data])

vflat = np.array([d['vflat'] for d in data])
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hR = np.array([d['hR'] for d in data])

rmax_hR = np.array([d['rmax_hR'] for d in data])

log_excess = np.logl@(gc_obs / gc_deep)

log_sk = np.log10(np.maximum(strain_kin, 1e-50))
log_em = np.loglO(np.maximum(eps_max, le-10))

log_curv = np.loglO(np.maximum(curvature,
log_vf = np.logl0(vflat)
log_hR = np.log10(hR)

chi2_null = np.sum(log_excess**2)

# --- Fit individual models ---
params_M3 = fit_M3(log_excess, log_em)
pred_m3 = pred_M3(params_M3, log_em)
resid_m3 = log_excess - pred_m3
chi2_m3 = np.sum(resid_m3**2)

a_M6é = fit_M6(log_excess, log_sk)
pred_m6é = pred_M6(a_M6, log_sk)
resid_mé = log_excess - pred_m6
chi2_m6 = np.sum(resid_m6**2)

1le-80))

print(f"M3: log_ec={params_M3[0]:.3f} (eps_c={10**params_M3[0]:.4f}), "
f'"beta={params_M3[1]:.3f}, R2={1-chi2_m3/chi2_null:.4f}")
print(f"M6: a={a_M6:.4f}, R2={1-chi2_m6/chi2_null:.4f}")

#

# T1l: oooo

#

print("\n" + "=" * 70)

print("T1: M3oo vS M6oo ooo")
print("=" * 70)

rho_resid, p_resid = spearmanr(resid_m3,

rho_resid_p, p_resid_p = pearsonr(resid_m3,

resid_m6)
resid_m6)

print(f"Spearman rho(resid_M3, resid_M6) = {rho_resid:+.4f} (p={p_resid:.2e})")

print(f"Pearson r(resid_M3, resid_M6)

if abs(rho_resid) &gt; 0.8:
print("-&gt; cooo: M3oMb6ooooa")
elif abs(rho_resid) &gt; 0.5:
print("-&gt; oooooo: ooooooooooooo™)
else:
print("-&gt; cooo: M3oM6oooa")

= {rho_resid_p:+.4f} (p={p_resid_p:.2e})")

#

# T2: Combined model M3+M6 (3 params)
#

print("\n" + "=" * 70)

print("T2: Combined model M3+M6 (3 params)")

print("=" * 70)

def fit_combined(le, lem, 1lsk, mask=None):

if mask is None: mask = np.ones(len(le), dtype=bool)

e = le[mask]
em lem[mask]
sk = lsk[mask]

def chi2_comb(p):
log_ec, beta, a = p

pred = beta * np.maximum(em - log_ec,

return np.sum((e - pred)**2)

best = None

0) + a * sk

for lec_init in np.linspace(np.percentile(em, 10), np.percentile(em, 90), 10):
for beta_init in [-0.3, -0.1, 0.1, 0.3]:
for a_init in [-0.01, -0.005, 0.005, 0.01]

res = minimize(chi2_comb,

[lec_init,

beta_init, a_init],

method="'Nelder-Mead', options={'maxiter': 5000})
if best is None or res.fun &lt; best.fun:

best = res
return best.x, best.fun

params_comb, chi2_comb = fit_combined(log_excess,

R2_comb = 1 - chi2_comb / chi2_null

aicc_null = aicc(chi2_null, N, 0)
aicc_m3 = aicc(chi2_m3, N, 2)
aicc_mé = aicc(chi2_m6, N, 1)
aicc_comb = aicc(chi2_comb, N, 3)

print(f"Combined: log_ec={params_comb[0]
f'"a_M6={params_comb[2]:.4f}")
print(f"\nModel comparison:")

print(f" {'Model':&lt;25s} {'k':&gt;3s} {'chi2':&gt;8s} {'R2':&gt;7s} {'AICc':&gt;8s} {'dAICc':&gt;8s}")

print(f" {'-'*60}")

print(f" {'MO: null':&lt;25s} {'0':&gt;3s} {chi2_null:&gt;8.2f} {'0.000':&gt;7s} "

.3},

f"{aicc_null:&gt;8.1f} {'0.0':&gt;8s}")
print(f" {'M6: u_strain/E_kin':&1lt;25s} {'1':&gt;3s} {chi2_m6:&gt;8.2f} "

f"{1-chi2_m6/chi2_null:&gt;7.4f} {aicc_m6:&gt;8.1f} {aicc_mé-aicc_null:&gt;+8.1f}")

log_em, log_sk)

beta={params_comb[1]:.3f}, "

print(f" {'M3: eps threshold':&lt;25s} {'2':&gt;3s} {chi2_m3:&gt;8.2f} "



332 | f"{1-chi2_m3/chi2_null:&gt;7.4f} {aicc_m3:&gt;8.1f} {aicc_m3-aicc_null:&gt;+8.1f}")
333 | print(f" {'M3+M6: combined':&1lt;25s} {'3':&gt;3s} {chi2_comb:&gt;8.2f} "
334 | f"{R2_comb:&gt;7.4f} {aicc_comb:&gt;8.1f} {aicc_comb-aicc_null:&gt;+8.1f}")
335 |

336 | dAICc_comb_vs_m3 = aicc_comb - aicc_m3

337 | dAICc_comb_vs_m6é = aicc_comb - aicc_m6

338 | print(f"\n M3+M6 vs M3 alone: dAICc = {dAICc_comb_vs_m3:+.1f}")
339 | print(f" M3+M6 vs M6 alone: dAICc = {dAICc_comb_vs_m6:+.1f}")
340 |

341 | if dAICc_comb_vs_m3 &lt; -2 and dAICc_comb_vs_m6 &lt; -2:

342 | print(" -&gt; oooooooo: M3oM6oooo")

343 | elif dAICc_comb_vs_m3 &gt;= 0 and dAICc_comb_vs_m6 &gt;= 0O:

344 | print(" -&gt; ocooooooo: oooooo")

345 | else:

346 | best_single = "M3" if chi2_m3 &lt; chi2_mé6 else "M6"

347 | print(f" -&gt; {best_single} cooooooooooo")

348 |

349 | #

350 | # T2b: LOO-CV for combined model

351 | #

352 | print("\n--- LOO-CV for combined model ---")

353 | loo_errors_comb = []

354 | loo_errors_m3 = []

355 | loo_errors_mé = []

356 | for i in range(N):

357 | mask = np.ones(N, dtype=bool)

358 | mask[i] = False

359 |

360 | # Combined

361 | try:

362 | p_c, _ = fit_combined(log_excess, log_em, log_sk, mask)
363 | pred_i = p_c[1] * max(log_em[i] - p_c[0], O) + p_c[2] * log_sk[i]
364 | loo_errors_comb.append((log_excess[i] - pred_i)**2)

365 | except:

366 | pass

367 |

368 | # M3

369 | p3 = fit_M3(log_excess, log_em, mask)

370 | if p3 is not None:

371 | pred_i3 = pred_M3(p3, np.array([log_em[i]]))[0]

372 | loo_errors_m3.append((log_excess[i] - pred_i3)**2)

373 |

374 | # M6

375 | a6 = fit_M6(log_excess, log_sk, mask)

376 | pred_i6 = a6 * log_sk[i]

377 | loo_errors_mé6.append((log_excess[i] - pred_i6)**2)

378 |

379 | mse_null = np.mean(log_excess**2)

380 | mse_comb = np.mean(loo_errors_comb) if loo_errors_comb else 999
381 | mse_m3 = np.mean(loo_errors_m3) if loo_errors_m3 else 999

382 | mse_mé = np.mean(loo_errors_m6) if loo_errors_mé6 else 999

383 |

384 | print(f" LOO-CV MSE: null={mse_null:.5f}, M6={mse_mé6:.5f}, "
385 | f"M3={mse_m3:.5f}, M3+M6={mse_comb:.5f}")

386 | print(f" LOO ratio: M6={mse_m6/mse_null:.3f}, M3={mse_m3/mse_null:.3f}, "
387 | f'"M3+M6={mse_comb/mse_null:.3f}")

388 |

389 | if mse_comb &lt; min(mse_m3, mse_m6) * 0.95:

390 | print(" -&gt; Combined o 5%+ co: coooooo")

391 | else:

392 | print(" -&gt; Combined oooooo: oooooo")

393 |

394 | #

395 | # T3: ooR?2 (oooo)

396 | #

397 | print("\n" + "=" * 70)

398 | print("T3: oo R2 aoo")

399 | print("=" * 70)

400 |

401 | # M3oooM6ooooo

402 | from numpy.linalg import lstsq

403 | X_mé6 = log_sk.reshape(-1, 1)

404 | sol_méon3, _, _, _ = lstsq(X_m6, resid_m3, rcond=None)

405 | pred_méon3 = sol_m6on3[0] * log_sk

406 | R2_m6on3 = 1 - np.sum((resid_m3 - pred_mé6on3)**2) / np.sum(resid_m3**2)
407 |

408 | # M6oooM3ooooo

409 | exc_m3 = np.maximum(log_em - params_M3[0], ©)

410 | X_m3 = exc_m3.reshape(-1, 1)

411 | sol_m3on6, _, _, _ = lstsq(X_m3, resid_m6, rcond=None)

412 | pred_m3on6 = sol_m3on6[0] * exc_m3

413 | R2_m3on6 = 1 - np.sum((resid_mé - pred_m3on6)**2) / np.sum(resid_m6**2)
414 |

415 | print(f"M6 on M3 residuals: R2 = {R2_m6on3:.4f} "

416 | f"({'M6 adds info' if R2_m6on3 &gt; 0.05 else 'negligible'})")
417 | print(f"M3 on M6 residuals: R2 = {R2_m3on6:.4f} "

418 | f"({'M3 adds info' if R2_m3on6 &gt; 0.05 else 'negligible'})")
419 |

420 | #

421 | # T4: hRooooooooo

422 | #

423 | print("\n" + "=" * 70)



424 | print("T4: hRooooooooo")

425 | print("=" * 70)

426

427 | gc_m3 = gc_deep * 10**pred_m3

428 | gc_mé = gc_deep * 10**pred_mé6

429 | gc_comb = gc_deep * 10**(params_comb[1]*np.maximum(log_em-params_comb[0],0)
430 | + params_comb[2]*log_sk)

431

432 | log_gc_obs = np.logl0(gc_obs)

433 | log_gc_m3 = np.logl@(np.maximum(gc_m3, 1le-30))

434 | log_gc_m6 = np.logl®(np.maximum(gc_m6, 1le-30))

435 | log_gc_comb = np.logl®(np.maximum(gc_comb, 1e-30))

436

437 | rho_obs, _ = partial_corr(log_gc_obs, log_hR, log_vf)

438 | rho_m3, _ = partial_corr(log_gc_m3, log_hR, log_vf)

439 | rho_m6, _ = partial_corr(log_gc_m6, log_hR, log_vf)

440 | rho_comb, _ = partial_corr(log_gc_comb, log_hR, log_vf)

441

442 | print(f" rho(gc, hR | vflat):")

443 | print(f" gc_obs: {rho_obs:+.4f}")

444 | print(f" gc_M3: {rho_m3:+.4f} (oo {(1-abs(rho_m3)/abs(rho_obs))*100:.1f}%)")
445 | print(f" gc_M6: {rho_mé6:+.4f} (oo {(1-abs(rho_mé6)/abs(rho_obs))*100:.1f}%)")
446 | print(f" gc_M3+M6: {rho_comb:+.4f} (oo {(1-abs(rho_comb)/abs(rho_obs))*100:.1f}%)")
447 |

448 | # + rmax/hR oo

449 | rho_obs2, _ = partial_corr_multi(log_gc_obs, log_hR, [log_vf, rmax_hR])
450 | rho_comb2, _ = partial_corr_multi(log_gc_comb, log_hR, [log_vf, rmax_hR])
451 | print(f"\n rho(gc, hrR | vflat, rmax/hrR):")

452 | print(f" gc_obs: {rho_obs2:+.4f}")

453 | print(f" gc_M3+M6: {rho_comb2:+.4f} (oo {(1-abs(rho_comb2)/abs(rho_obs2))*100:.1f}%)")
454 |

455 | #

456 | # T5: oooooo — oooooooo

457 | #

458 | print("\n" + "=" * 70)

459 | print("T5: M3oo vs M6oo ooooooo')

460 | print("=" * 70)

461

462 | rho_indicators, p_ind = spearmanr(log_em, log_sk)

463 | print(f" rho(log_eps_max, log_strain_kin) = {rho_indicators:+.4f} (p={p_ind:.2e})")
464 |

465 | # M3 indicator = max(0, log_em - log_ec)

466 | m3_indicator = np.maximum(log_em - params_M3[0], 0)

467 | rho_m3_m6, p_m3_mé6 = spearmanr(m3_indicator, log_sk)

468 | print(f" rho(M3_indicator, log_strain_kin) = {rho_m3_m6:+.4f} (p={p_m3_m6:.2e})")
469

470 | # ooo: vflatooo

471 | rho_ind_vf, p_ind_vf = partial_corr(log_em, log_sk, log_vf)

472 | print(f" rho(log_eps_max, log_strain_kin | vflat) = {rho_ind_vf:+.4f} (p={p_ind_vf:.2e})")
473

474 | if abs(rho_indicators) &gt; 0.8:

475 | print(" -&gt; oooooooo: M3oM6ooooooooo")

476 | elif abs(rho_indicators) &gt; 0.5:

477 | print(" -&gt; ooooo: oooooooooooooo")

478 | else:

479 | print(" -&gt; coo: coooooooe")

480 |

481 | #

482 | # T6: M8 (curvature) oooooo

483 | #

484 | print("\n" + "=" * 70)

485 | print("T6: M3/M6/M8 coooa")

486 | print("=" * 70)

487 |

488 | rho_36, _ = spearmanr(log_em, log_sk)

489 | rho_38, _ = spearmanr(log_em, log_curv)

490 | rho_68, _ = spearmanr(log_sk, log_curv)

491 | print(f" rho(M3, M6) = {rho_36:+.3f}")

492 | print(f" rho(M3, M8) = {rho_38:+.3f}")

493 | print(f" rho(M6, M8) = {rho_68:+.3f}")

494 |

495 | if abs(rho_68) &gt; 0.9:

496 | print(" -&gt; M6oM8noooooon™)

497 | if abs(rho_36) &lt; abs(rho_68):

498 | print(" -&gt; M3oM6/M8ccooomooooa")

499

500 | #

501 | # T7: ooooooooooo

502 | #

503 | print("\n" + "=" * 70)

504 | print("T7: coooooooooa")

505 | print("=" * 70)

506 | print("M3oooonooooM6ooononooonoR2000000")

507 |

508 | np.random.seed(42)

509 | R2_shuffle = []

510 | for _ in range(1000):

511 | sk_s = np.random.permutation(log_sk)

512 | sol_s, _, _, _ = lstsq(sk_s.reshape(-1,1), resid_m3, rcond=None)
513 | pred_s = sol_s[0] * sk_s

514 | R2_s =1 - np.sum((resid_m3 - pred_s)**2) / np.sum(resid_m3**2)

515 | R2_shuffle.append(R2_s)
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R2_shuffle = np.array(R2_shuffle)
p_shuffle = np.mean(R2_shuffle &gt;= R2_m6on3)
print(f" Real R2(M6 on M3 residuals) = {R2_m6on3:.4f}")
print(f" Shuffle: mean={np.mean(R2_shuffle):.4f}, max={np.max(R2_shuffle):.4f}")
print(f" p = {p_shuffle:.4f}")
if p_shuffle &lt; 0.01:
print(" -&gt; M6oM3cooooooooooooooo')

else:
print(" -&gt; M6oM3coooooooooooooooooa")
#
# oooo
#
print("\n" + "=" * 70)

print("oooa")
print("=" * 70)

print(f"""
o:
oooo ! rho = {rho_resid:+.4f}
Combined dAICc: vs M3 = {dAICc_comb_vs_m3:+.1f}, vs M6 = {dAICc_comb_vs_m6:+.1f}
b LOO-CV ratio: M3={mse_m3/mse_null:.3f}, M6={mse_m6/mse_null:.3f}, Comb={mse_comb/mse_null:.3f}
ooR2: M6-&gt;M3on = {R2_méon3:.4f}, M3-&gt;Méoc = {R2_m30n6:.4f}
hRooo: obs={rho_obs:+.4f}, M3={rho_m3:+.4f}, M6={rho_mé6:+.4f}, Comb={rho_comb:+.4f}
oooo! rho(M3,M6) = {rho_indicators:+.4f}
oooo: M6-M8 = {rho_68:+.3f}
ooooo: p = {p_shuffle:.4f}

oooo

oo

oo

iy

o: oooo &lt; 0.5, Combined dAICc &lt; -2 vs both, ooR2 &gt; 0.05, p(T7) &lt; 0.01
: oooo &gt; 0.8, Combined dAICc &gt;= 0 vs best, ooR2 &lt; 0.02

oo

#
# o
#
try:

import matplotlib

matplotlib.use('Agg')

import matplotlib.pyplot as plt

fig, axes = plt.subplots(2, 2, figsize=(12, 10))
fig.suptitle('M3 vs M6 Independence Test',6 fontsize=14)

# (a) M3 residual vs M6 residual

ax = axes[0, 0]

ax.scatter(resid_m3, resid_m6, s=10, alpha=0.5, c='steelblue')
ax.set_xlabel('M3 residual')

ax.set_ylabel('M6 residual')

ax.set_title(f'Residual correlation (rho={rho_resid:+.3f})"')
lim = max(abs(resid_m3).max(), abs(resid_m6).max()) * 1.1
ax.set_xlim(-1lim, 1lim)

ax.set_ylim(-1lim, 1lim)

ax.plot([-1im, l1im], [-lim, lim], 'k--', 1w=0.5)

# (b) M3 indicator vs M6 indicator

ax = axes[0, 1]

ax.scatter(log_em, log_sk, s=10, alpha=0.5, c='steelblue')
ax.set_xlabel('log(eps_max) [M3]')

ax.set_ylabel('log(strain_kin) [M6]"')

ax.set_title(f'Indicator correlation (rho={rho_indicators:+.3f})")

# (c) hR partial correlation comparison

ax = axes[1, 0]

labels = ['gc_obs', 'M3', 'M6', 'M3+M6']

rhos = [abs(rho_obs), abs(rho_m3), abs(rho_mé), abs(rho_comb)]
colors_bar = ['grey', 'steelblue', 'coral', 'green']
ax.bar(labels, rhos, color=colors_bar, alpha=0.7)
ax.set_ylabel('|rho(gc, hR | vflat)|')

ax.set_title('hR partial correlation (lower = better)')

# (d) LOO-CV comparison

ax = axes[1, 1]

labels2 = ['null', 'M6', 'M3', 'M3+M6']

mses = [mse_null, mse_m6, mse_m3, mse_comb]

ax.bar(labels2, mses, color=['grey', 'coral', 'steelblue', 'green'], alpha=0.7)
ax.set_ylabel('LOO-CV MSE')

ax.set_title('Cross-validation (lower = better)')

plt.tight_layout()
figpath = os.path.join(BASE, 'M3_M6_independence.png')
plt.savefig(figpath, dpi=150)
print(f"\nFigure saved: {figpath}")
except Exception as e:
print(f"\nFigure error: {e}")

print("\nooa")

if __name__ == '__main__':

main()



Script 5: epsilon_c_derivation.py

BrY
M3 @ epsilon ¢ "= 0.072 % U(epsilon;c) DEEN SIFHRMICEHT B A

THRERZRIET A M HI: U Zphr U7 =0, H2: JEFAFIISERAA. H3: B4R, H4: Duffing FEfRF/N5 X —4% . H5: MOND
B, H6: BRT 1« R VIR, H7: ¢ o7, H8: IEREHIRE. HI: x_c=1/200, H10: BRHEE. H11: Taylor
BWHERR, T RBEOMAERTE (VT FTHRET) &

R

D2TAEI (XR) . BAEE: epsilon proxy = sqrt(gN/gc) & epsilon fold DIEEFEMKRICL Y. U(epsilon;c)
DLEERAD epsilon proxy =0 ICRET S, HI ODHREE: 1/(10 sqrt(2)) = 0.0707 vs £ 0.072 (&
1.8%) 72AIRERBIARILA L, epsilon ¢ (ZIREREN/RS X —4 & L TEEER,

ERTHE

python epsilon_c_derivation.pyoooooo Or ooooooooooo
ARTFT—%: &l (MPBRIEBRETE)
H73: epsilon c analysis.png + ZEH A

Y—Z31—REX

1 | #!/usr/bin/env python3

2 | # -*- coding: utf-8 -*-

3| "

4 | epsilon_c_derivation.py

5|

6 | M3 o €.c = 0.072 o U(g;C) oooooooooon?

7|

8 | e_proxy = sqrt(gN/gc_deep) ooooU(g;c) o €_fold oooooo
9 | gooo: X = gN/gc = (c-1+e_fold?2)/(1-e_fold)

10 | - e_proxy = sqrt(x) = sqrt((c-1+e_fold?)/(1-e_fold))
11 |

12 | oo:

13 |  H1: U oooo U''=0

14 | H2: oooooooo (anharmonic/harmonic ratio)

15 | H3: oo-oooooooo

16 | H4: free energy landscape cooooooo

17 | H5: MOND oooooooooooooo

18 | H6: cooooo + oooooooo

19 | """

20 |

21 | import numpy as np

22 | from scipy.optimize import brentq, minimize_scalar
23 | import matplotlib

24 | matplotlib.use('Agg')

25 | import matplotlib.pyplot as plt

26 |

27 | #

28 | # 1. U(g;c) ooooo

29 | #

30 | def U(eps, c):

31 | """Free energy"""

32 | return -eps - eps**2/2 - ¢ * np.log(1l - eps)
33 |

34 | def Ul(eps, c)

35 | eyt = du/de""

36 | return -1 - eps + ¢ / (1 - eps)

37 |

38 | def U2(eps, c)

39 | nenytt = da2u/de2"mt

40 | return -1 + c / (1 - eps)**2

41 |

42 | def U3(eps, c)

43 | mengrtt = dsy/desmt

44 | return 2 * ¢ / (1 - eps)**3

45 |

46 | def U4(eps, c)

47 | mengrert = d4y/desm

48 | return 6 * ¢ / (1 - eps)**4

49

50 | # oooo: U'(e_eq) = 0 - €_eq

51 | def eps_eq(c):

52 | ""My'(g;c) = 0 oa"""

53 | if c &gt;= 1:

54 | return 0.0

55 | # -1 - € +c/(l-€) =0 - €2 - g+ (c-1) = 0... no
56 | # Actually: c/(1-g) = 1+e - ¢ = (1-g)(1+g) = 1-€2
57 | # - € = sqrt(1-c)
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return np.sqrt(max(1 - c, 0))

# x = gN/gc from equilibrium

def x_from_eps_fold(eps_f, c):
mON/ge = (C - 1+ £2)/(1 - g)"""
return (¢ - 1 + eps_f**2) / (1 - eps_f)

# e_proxy = sqrt(x)

def eps_proxy_from_fold(eps_f, c):
x = x_from_eps_fold(eps_f, c)
return np.sqrt(max(x, 0))

# e¢_fold from e_proxy (inverse)
def eps_fold_from_proxy(eps_p, c):
"My = eps_p? = (c-1+g2)/(1-g)
€2 + eps_p2e + (c-1l-eps_p2) = """
= eps_p**2
€2 + Xg - (1-c+x) = 0 ... let me redo
(c-1+g2)/(1-g) = x
c -1+ €2 =x(1-g) = x - Xe
€2 + xg + (c-1-x) =0
a, b, cc2 =1, x, (c -1 - x)
disc = b**2 - 4*a*cc2
if disc &lt; 0O:
return None
return (-b + np.sqrt(disc)) / (2*a)

H* o o X |

*

print("=" * 70)
print("e_c oooooo: U(€;C) coooooooooo")
print("=" * 70)

#

# 2. oooo U(g;C) ooo

#

print("\n--- oooo ---")

for ¢ in [0.1, 0.24, 0.5, 0.8, 1.0]:
eeq = eps_eq(c)
u2 = U2(eeq, c) if eeq &lt; 0.99 else float('inf')
print(f" c={c:.2f}: e_eq={eeq:.4f}, U''(e_eq)={u2:.4f}")

#

# H1: U''=0 oooo

#

print("\n" + "=" * 70)

print("H1: U oooo U''(g;c) = 0")
print("=" * 70)

print("U''(g;c) = -1 + c/(1-¢g)2")
print("U'' = 0 - e_infl = 1 - sqrt(c)")

for ¢ in [0.1, 0.24, 0.5, 0.8, 1.0]:
eps_infl = 1 - np.sqrt(c)

eps_p = eps_proxy_from_fold(eps_infl, c) if eps_infl &gt; 0 else 0O

print(f" c={c:.2f}: e_fold_infl={eps_infl:.4f}, e_proxy_infl={eps_p

print("\n - oooo €_proxy o C ooooooon0.072 oooooooHl ooo")

#

# H2: gooo |U'''dg| / |U''| = 1 ooo
#

print("\n" + "=" * 70)

print("H2: oooooooo")
print("=" * 70)
print("e_eq ocoooo 0€ o |U'''(e_eq)de/U''(e_eq)| = 1 ooo O€")

for ¢ in [0.1, 0.24, 0.5, 0.8, 1.0]:
eeq = eps_eq(c)
if eeq &gt;= 0.99: continue
u2v = U2(eeq, c)
u3dv = U3(eeq, c)
if abs(u3v) &gt; 0:
delta_eps = abs(u2v / u3v)
# ooooooo €_fold
eps_anh = eeq - delta_eps # € &lt; €_eq oo
if eps_anh &gt; 0:
eps_p = eps_proxy_from_fold(eps_anh, c)
else:
eps_p = None
ep_str = f"{eps_p:.4f}" if eps_p is not None else "N/A"
print(f" c={c:.2f}: eps_eq={eeq:.4f}, delta_eps={delta_eps
f'"eps_fold_anh={eps_anh:.4f}, eps_proxy={ep_str}")

H3: oo-oooooooo

* o H*

print("\n" + "=" * 70)

print("H3: oo-oooooooo (Stress-strain yield)")

print("=" * 70)

print("o(e) = U'(g;c) oooooo |o_max| ooa")

print("do/de = U''(g;c) = 0 - €_yield = 1 - sqrt(c) (= Hloom)")
print("- Hloooooooooooooa")

# pooooooooooo99%oooooooooooooo

1.4f%,

D.4f}")
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print("\n

: o(g)/o_linear ooool@%oooo")
for ¢ in [0.1, 0.24, 0.5, 0.8, 1.0]:

eeq = eps_eq(c)

if eeq &gt;= 0.99: continue

u2v = U2(eeq, c)

# o_linear(de) = U''(e_eq) x d¢
# o_actual(de) = U'(e_eq + d€) - U'(e_eq) = U'(e_eq + de) [since U'(e_eq)=0]
# deviation = |o_actual - o_linear| / |o_linear| = 10%

for delta in np.linspace(0.001, 0.5, 1000)
eps_test = eeq - delta # going toward smaller & (larger gN)
if eps_test &lt;= 0.01: break
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182

= u2v * (-delta)
Ul(eps_test, c)
if abs(sigma_lin) &gt; O:
dev = abs(sigma_act - sigma_lin) / abs(sigma_lin)
if dev &gt; 0.1:
x_yield = x_from_eps_fold(eps_test, c)
eps_p_yield = np.sqrt(max(x_yield, 0))
c={c:.2f}: 10%cc at de={delta:.4f},
f'e_fold={eps_test:.4f}, x={x_yield:.4f}, e_proxy={eps_p_yield:.4f}")

#

# H4: U'''2/(U''xU'"'"") = 1 (Duffingoooooooo)
#

print("\n" + "=" * 70)

print("H4: Duffingaooooooo y = U'''2/(U''xU'"'")")
print("=" * 70)

for ¢ in [0.1, 0.24, 0.5, 0.8, 1.0]:

eeq = eps_eq(c)
if eeq &gt;= 0.99: continue
u2v = U2(eeq, c)

u3v = U3(eeq, c)
udv = U4(eeq, C)
gamma = u3v**2 / (u2v * u4v) if u2v * u4v != 0 else 0

print(f" c={c:.2f}: y(e_eq) = {gamma:.4f}")

189
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print("

#

"
- Y o C ooooooooooooooooooooooooo')

# H5: MONDooo3ooo

#

print("\n" + "=" * 70)

print("H5: MONDooooooooa")

print("=" * 70)

print("g_eff/gc = (x + sqrt(x2 + 4x))/2 o x=g_proxy? ooao")

print("- g_eff/gc = sqrt(x) + x/(4sqrt(x)) - x2/(32x~(3/2)) + ...")
print("- = sqrt(x)(1 + sqrt(x)/4 - x/(32) + ...)")

print("3eao/2o0 = 1 oo x:")

# 2nd order correction: x/4 at order sqrt(x)

# ratio of 2nd to 1st: sqrt(x)/4

# ratio = 1 - sqrt(x) = 4 - x = 16 (Newtonian regime, not relevant)
# ratio = 0.1 - sqrt(x) = 0.4 - x = 0.16

More carefully:

v(x) = (1 + sqrt(1+4/x))/2 (MOND interpolation)

For x &lt;&lt; 1: v = 1/sqrt(x) - 1/(2x) + ... so g_eff = gN x v = sqrt(gNxgc)
The correction to deep-MOND:

g_eff = sqrt(gNxgc) x (1 + sqrt(gN/gc)/4 + ...)

The relative correction = sqrt(x)/4

H W HEHE K H

# At e_proxy = 0.072: X = 0.00518, sqrt(x) = 0.072
# correction = 0.072/4 = 0.018 = 1.8%

216
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print(f"\n €_proxy=0.072 - x=0.00518")

print(f" {0.072/4: .4} = 1.8%")
print(f" - cooooooMONDooooooooooooooa")

#

# H6: oooooo — oooooooooo

#

print("\n" + "=" * 70)

print("H6: coooooooo")

print("=" * 70)

print("gN(r) = vflat2/r x Zoo")
print("e_proxy(r) = sqrt(gN(r)/gc)")
print("e_proxy_c = 0.072 - gN/gc = 0.005")
print("- ooo r/hR coooooooooa?")

For exponential disk: gN o exp(-r/hR) X oo / r

At large r: gN - 0 monotonically

gN(r)/gc = (vflat2/r) x (r/hR)2 x exp(-r/hR) / gc (oo)

The peak of gN is around r ~ 2.2 hR

gN_peak / gc = typical gc_obs/a@ = 0.24 means gN_peak = 0.24xa0xf
where f depends on the galaxy

RIS

print(" e_proxy_c = 0.072 o gN/gc = 0.005 ooo")
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| print(" ooooo (gc~0.24 a@) ooooo r/hR ~ 5-8 ooooo")
|

print(" - ocooooooooooooooooooo')
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#

# H7: o C oooooooo

#

print("\n" + "=" * 70)

print("H7: ¢ oooooooooo o)
print("=" * 70)

# oo: gc/ad oooo = 0.24 - c_median = 0.24
# gc/al oooooooo ~1.1 dex scatter
# C ooo: ~0.01 ~ 5

# e€_eq(c) = sqrt(1l-c) for c &lt; 1

# e_proxy at equilibrium = sqrt(x_eq) where x_eq = (c-1+e_eq?)/(1l-g_eq)

# At equilibrium: x_eq = 0 (since U'(e_eq)=0 means gN/gc = 0 at equilibrium!)
# Wait, that's the free equilibrium without external gN.

# Actually, e_eq is the equilibrium fold WITHOUT external gravitational field.
# With gN present, & shifts from €_eq.

Small-x expansion around equilibrium:

#
#
# x = U''(e_eq;c)/1 x de + (1/2)U'''(e_eq;c)/...
#

print("\n e_fold(e_proxy, C) coooooooooo:")

print(f" {'c':&gt;6s} {'e_eq':&gt;8s} {'e_fold(0.072)':&gt;14s} "

f"{'U2/U2_eq':&gt;10s} {'ooo':&gt;8s}")

results_h7 = []
for ¢ in np.linspace(0.05, 0.95, 19):
eeq = eps_eq(c)
ef = eps_fold_from_proxy(0.072, c)
if ef is None or ef &lt;= 0 or ef &gt;= 1:
continue
u2_eq = U2(eeq, c)
u2_at = U2(ef, c)
ratio = u2_at / u2_eq if u2_eq != 0 else 0O

# ooo: (e_eq - €_fold) / €e_eq = how far from equilibrium
elastic_ratio = (eeq - ef) / eeq if eeq &gt; © else 0O

print(f" {c:6.3f} {eeq:8.4f} {ef:14.4f} {ratio:10.4f} {elastic_ratio:8.4f}")
results_h7.append((c, eeq, ef, ratio, elastic_ratio))

The question: at what x = gN/gc does the response become non-linear?

This is getting complicated. Let me do it numerically.

#

# H8: oo 1/sqrt(6) oooo
#

print("\n" + "=" * 70)
print("H8: coooooooo oo")
print("=" * 70)

candidates = {
'1/sqrt(6) (Tc=sqrt(6)oo)': 1/np.sqrt(6),
'1/(4pi)': 1/(4*np.pi),

'sqrt(a@/c_light) dimensionless': np.sqrt(1.2e-10 / 3e8),

'1/sqrt(Tc2) = 1/sqrt(6)': 1/np.sqrt(6),
'(1-1/e)/4': (1-1/np.e)/4,

'sqrt(1-Tc/3) = sqrt(1-sqrt(6)/3)': np.sqrt(max(1-np.sqrt(6)/3, 0)),

'1/sqrt(3xTc) = 1/sqrt(3sqrt(6))': 1/np.sqrt(3*np.sqrt(6)),
'exp(-Tc) = exp(-sqrt(6))': np.exp(-np.sqrt(6)),

'1/(2Tc) = 1/(2sqrt(6))': 1/(2*np.sqrt(6)),
'1/Tc2 = 1/6': 1/6,
'sqrt(1/Tc2) = 1/sqrt(6)': 1/np.sqrt(6),

'(Tc-2)/Tc = (sqrt(6)-2)/sqrt(6)': (np.sqrt(6)-2)/np.sqrt(6),

}

print(f" ooo: €.Cc = 0.072 +/- ?")

print(f"\n {'oo':40s} {'o':&gt;10s} {'|o]|':&gt;10s}")

print("™ " + "-n*g2)

for name, val in sorted(candidates.items(), key=lambda x: abs(x[1]-0.072))

diff = abs(val - 0.072)
marker = " o" if diff &lt; 0.01 else ""

print(f" {name:40s} {val:10.5f} {diff:10.5f}{marker}")

# ~2e-10, too small

#

# H9: ooo X_C = €.C2 = 0.005 non
#

print("\n" + "=" * 70)

print("H9: x_c = €.c? = 0.005 cooooo ooa")
print("=" * 70)

print("""
€.C2 = 0.0722 = 0.00518

oMONDooo2ooo:

g_eff = sqrt(gN x gc) x [1 + (1/4)sqrt(gN/gc) - (1/32)(gN/gc) + ...

X_C = 0.005 oooo:
1o: sqrt(0.005)/4 = 0.018 = 1.8%

— oMONDooo2oooo0l-2%oooooon
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€.c2 = 1/200 = 0.005
- €.C = 1/sqrt(200) = 1/(10sqrt(2)) = 0.0707
ey

val_theory = 1/(10*np.sqrt(2))

print(f" ooo: 1/(10sqrt(2)) = {val_theory:.5f}")

print(f" ocoo: €.Cc = 0.072")

print(f" o: {abs(0.072 - val_theory):.5f} ({abs(0.072-val_theory)/0.072*100:.1f}%)")

# But 1/(10sqrt(2)) is ad hoc. Let's look deeper

#

# H10: ooo gc_deep vs gc_obs ooo
#

print("\n" + "=" * 70)

print("H10: deep-MOND - full MOND ooooo")
print("=" * 70)
print("""

gc_obs o gc_deep x (DDDD) oooooo

M3 ooooo: €_max &gt; €.C o ¢gC o 23% ooo

e_max = sqrt(gN_max / gc_deep) = sqrt(vflat? / (hR x gc_deep)) [r~hRaoco]

€_max &gt; €_C ooo:
gN_max / gc_deep &gt; e_c?
- gN_max &gt; e€_c2 x gc_deep

gc_deep ~ gc_obs (deep MOND) ~ nxsqrt(a® x vflat2/hR) ooo:
gN_max ~ vflat?/hR (hRoooooo)
gc_deep ~ nxsqrt(a® x vflat2/hR)

g_max2 = gN_max/gc_deep ~ (vflat2/hR) / (nxsqrt(a® x vflat2/hR))
= sqrt(vflat2/hR) / (nxsqrt(a0))
= sqrt(G Sigma_0 / a®) / n

g_max &gt; €_C oo:
sqrt(G Sigma_0 / a0®) &gt; n x €_c
G Sigma_0 / a@ &gt; n2 x g_c?

n~0.74, e.c ~ 0.072 oooo:
N2 x g.c2 = 0.742 x 0.0722 = 0.548 x 0.00518 = 0.00284
- G Sigma_0 &gt; 0.00284 x a®
- G Sigma_0 &gt; 3.4 x 10A-13 m/s?

")

# This gives a surface density threshold

GSigma_threshold = 0.74**2 * 0.072**2 * 1.2e-10

print(f" oo: G Sigma_0 &gt; {GSigma_threshold:.2e} m/s2")

print(f" vflat2/hR oooo: vflat2/hR &gt; {GSigma_threshold:.2e} m/s2")

print(f" vflat ~ 100 km/s, hR ~ 3 kpc ooo:")

vflat_test = 100e3 # m/s

hR_test = 3 * 3.086e19 # m

GSigma_test = vflat_test**2 / hR_test

print(f" G Sigma_0 = {GSigma_test:.2e} m/s? {'&gt;' if GSigma_test &gt; GSigma_threshold else '&lt;'} oa")
print(f" - ocooooSPARCooooooooo")

#

# H1l: cooo Tayloroooooooooo
#

print("\n" + "=" * 70)

print("H11: U(g;c) o Taylor cooooooooooo oooa')
print("=" * 70)

print("""
e_fold = €_eq - d¢ (oooooooond€ oooooooo)

U(e_eq - dg; c) = U(e_eq) + (1/2)U''(e_eq)de? - (1/6)U'"''(e_eq)de3 + ...
oooooo= 3ooo02o0o0o0l10%oo:

|lu'''de/(3U'")| &lt; 0.1

- de &lt; 0.3 |U''/U'""|

oooo + ON oooo:

X = gN/gc = U''(e_eq) x de / [gcx(derivative mapping)] (oo)

ey

print("\n ¢ oooooo delta_eps_elastic ooooo eps_proxy:")

header = " {:&gt;6s} {:&gt;8s} {:&gt;12s} {:&gt;10s} {:&gt;14s} {:&gt;10s}".format(
"c", "eps_eq", "|U2/U3|", "delt_10%", "eps_fold_lim", "eps_proxy")

print(header)

for ¢ in [0.10, 0.15, 0.20, 0.24, 0.30, 0.40, 0.50, 0.70, 0.90]:
eeq = eps_eq(c)
if eeq &gt;= 0.99: continue
u2v = U2(eeq, c)
u3dv = U3(eeq, c)
ratio_u = abs(u2v / u3v) if u3v != 0 else 999
delta_10 = 0.3 * ratio_u
ef_lim = eeq - delta_10
if ef_lim &gt; 0.01 and ef_lim &lt; 0.99:
ep = eps_proxy_from_fold(ef_1lim, c)
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else:
ep = None
ep_str = f"{ep:.4f}" if ep is not None else "N/A"
print(f" {c:6.3f} {eeq:8.4f} {ratio_u:12.4f} {delta_10:10.4f} "
f'{ef_lim:14.4f} {ep_str:&gt;10s}")

#
# oooo
#
print("\n" + "=" * 70)
print("oooa")
print("=" * 70)

print("nm

oooooooo

H1: Uooo - Coooooooooo

H2: oooo - ooooooooo€_ProXy ooooooooooooo
H3: ooo - Hlooooooo

H4: Duffing - ocooooooooooo

H5: MONDoo - 2ooo 1.8% oooooooon
H6: ooooo - ooooooooooooo

H7: Coo - ooooooooooo

H8: oooo - oooooooooo

H9: Xx_c=1/200 - ooooooooooooooooon
H10: oooo - ooooooooooooooooooooo
H11: Tayloroooo — Cooooooooooooo

€.C = 0.072 o U(g;C) oooooonoooooooo

ooooooooooooo

ooooooo !
(a) € Cono U(E;C) 0o0OooOoOo000O0O00O0OO0O0O0O0O0O0O0OO
(b) €_C ocoooooooooooooormax/hR coooooo

(c) €_c oool4ooooooooU ooooooooooo

oo € _C oooooooooooooooooo

ooooo €.C = 0.07 +/- ? ooooooooooooooooo

iy

#
# o
#
fig, axes = plt.subplots(2, 2, figsize=(12, 10))

# (a) U(g;c) for various c
ax = axes[0, 0]
eps_range = np.linspace(0.01, 0.95, 200)
for ¢ in [0.1, 0.24, 0.5, 0.8]:
ax.plot(eps_range, U(eps_range, c), label=f'c={c}')
ax.set_xlabel('epsilon_fold')
ax.set_ylabel('U(epsilon;c)"')
ax.set_title('Free energy U(epsilon;c)"')
ax.legend()
ax.set_ylim(-5, 2)

# (b) U''(g;c) — stiffness
ax = axes[0, 1]
for c in [0.1, 0.24, 0.5, 0.8]:

ax.plot(eps_range, U2(eps_range, c), label=f'c={c}')
ax.axhline(®, color='grey', 1ls='--")
ax.set_xlabel('epsilon_fold')
ax.set_ylabel('U\'\"'(epsilon;c)')
ax.set_title('Local stiffness')
ax.legend()
ax.set_ylim(-2, 20)

# (c) e_proxy vs e€_fold for various c
ax = axes[1, 0]
for ¢ in [0.1, 0.24, 0.5, 0.8]:

eeq = eps_eq(c)

ef_range = np.linspace(0.01, eeq-0.01, 100)

ep = [eps_proxy_from_fold(ef, c) for ef in ef_range]

ax.plot(ef_range, ep, label=f'c={c}"')
ax.axhline(0.072, color='red', ls='--', 1lw=2, label='epsilon_c=0.072")
ax.set_xlabel('epsilon_fold')
ax.set_ylabel('epsilon_proxy = sqrt(gN/gc)')
ax.set_title('epsilon_proxy vs epsilon_fold')
ax.legend()

# (d) Non-linearity ratio
ax = axes[1, 1]
for c in [0.1, 0.24, 0.5, 0.8]:
eeq = eps_eq(c)
ef_range = np.linspace(0.01, eeq-0.01, 100)
ratios = []
ep_vals = []
for ef in ef_range:
ep = eps_proxy_from_fold(ef, c)
if ep &gt; 0:
nl = abs(U3(ef, c) * (eeq - ef) / U2(ef, c)) if U2(ef, c)
ratios.append(nl)

= 0 else 0
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ep_vals.append(ep)

ax.plot(ep_vals, ratios, label=f'c={c}')
ax.axvline(0.072, color='red',6 1ls='--', 1lw=2)
ax.axhline(1, color='grey', 1ls='--")
ax.set_xlabel('epsilon_proxy')
ax.set_ylabel('|U3 * delta_eps / U2]|")
ax.set_title('Non-linearity ratio')
ax.legend()
ax.set_ylim(Q, 3)

plt.tight_layout()
plt.savefig('/home/claude/epsilon_c_analysis.png', dpi=150)
print("\nFigure saved: epsilon_c_analysis.png")
print("\nooa")



Script 6: sparc_eta_derivation.py

BrY
eta DE—FIFEEH: EMONDSE D 5 R D RIRR DT

OBEZE: SEMONDABRE T d Ln(ge)/d (n(Yd) = -(1 - f gas deep), eta ~ Yd"(-0.41) DERAIHMS f gas deep = 0.59
¥R, 7R MEB: (1) SPARC ZERAIDRMONDIRIZ T f gas deep % E#EETE. (2) $RIAIT & D beta predicted vs
eta obs, (3) eta predicted vs eta obs (per-galaxy vs fixed exponent) , (4) f gas deep DREHRF., (5) Yd
WA DEHET AN (Yd +/-10% OEMD) . (6) BHBEETM,

&R

BB BIRE: d Ln(gc)/d Ln(Yd) = -(1-f_gas) (ZERAATHEIL (r=0.616, p=7e-18) , L A LERUIEEIF beta=-0.41
DFANCIZ KRB, f gas deep median=0.284 (Fi8l 0.59 D¥4) ., [RE: f gas & Yd OE&MEEE (rho=-0.46) ICL 3
Simpson’s paradox B9%IR, A-1 (etaEH) (& A MR H NEEBEMICHNI N 2 &I1dEHE.

[==F N
§¥513'75f/2§
uv run --with scipy --with matplotlib python sparc_eta_derivation.py

AFBT—4%: sparc _gc.csv + Rotmod LTG/*. dat
H: eta derivation results.png + fE#EH A

Y—RAI—REX

1 | #!/usr/bin/env python3
2 | # -*- coding: utf-8 -*-
3|
4 | sparc_eta_derivation.py
5 |
6 | eta ooooooo: oMONDoooooooooo
71
8 | ®™ ooooo:
9 |
10 | oMONDao: gc_deep(r) = g_eff(r)nr2 / gN(r)
11 |
12 | gN(r) = Yd x v_disk(r)nr2/r + v_gas(r)A2/r + v_bul(r)nr2/r
13 |
14 | Yd ooooooooooo gc_deep ooo:
15 |
16 | d ln(gc_deep) /7 d ln(Yd) = -Yd x v_disknr2 / (Yd x v_diskA2 + v_gasA2 + v_bulAr2)
17 | = -(1 - f_gas_deep)
18 |
19 | ooo f_gas_deep = (v_gas”2 + v_bul”r2) / gN ocoMONDooooYdooooooooo
20 |
21 | n=g9c / sqrt(a® x G Sigma®) o G Sigma@ = vflat”r2/hR o Yd cooooo:
22 |
23 | d In(n) 7/ d In(yd) = d In(gc) / d In(Yd) = -(1 - f_gas_deep)
24 |
25 | oo: n o YdA(-0.41) - d ln(n)/d ln(Yd) = -0.41
26 |
27 | oo: f_gas_deep = 1 - 0.41 = 0.59
28 |
29 | ooo: oMONDoooooo(+bulge)oooo59%ooo
30 | N o YdA(-0.41) ooooooo
31 |
32 | ® ooo:
33 | (1) SPARC cooooMONDooo f_gas ooooo
34 | (2) median f_gas_deep = 0.59 oooooo
35 | (3) ooooo f_gas_deep vs Yd ooooo
36 | (4) eta_predicted = C x YdA(-(1-f_gas_deep)) ooooooo
37 |
38 | oo: uv run --with scipy --with matplotlib python sparc_eta_derivation.py
39 | "
40 |
41 | import os, sys
42 | import numpy as np
43 | from scipy.optimize import minimize
44 | from scipy.stats import spearmanr, pearsonr
45 | import warnings
46 | warnings.filterwarnings('ignore')
47 |
48 | BASE = r"D:\oooooo\oooooo\ooooo\ooooooo\oooo"
49 | ROTMOD = os.path.join(BASE, "Rotmod_LTG")
50 | GC_CSV = os.path.join(BASE, "sparc_gc.csv")
51 | a@ = 1.2e-10
52 |
53 | #
54 | # coooooooooo
55 | #
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def load_gc_csv():
import csv

data = {}
with open
reade

(GCc_Ccsv, 'r') as f:
r = csv.DictReader (f)

for row in reader:
name = None
for k in row:

if 'gal' in k.lower() or 'name' in k. lower()
name = row[k].strip(); break

if not name: continue
gc_val = None
for k in ['gc', 'gc_obs','g_c','gc_a0']:

if k in row and row[k]:
try: gc_val = float(row[k]); break
except: pass

if gc_val is None: continue
vflat, hR, Yd = None, None, None
for k in ['vflat', 'vflat',6 'v_flat']:

if k in row and row[k]:
try: vflat = float(row[k]); break
except: pass

for k in ['hR', 'Reff', 'h_R', 'hr']:

if k in row and row[k]:
try: hR = float(row[k]); break
except: pass

for k in ['vd','yd','v_d', 'SPS']:

if k in row and row[k]:
try: Yd = float(row[k]); break
except: pass

data[name] = {'gc': gc_val, 'vflat': vflat, 'hR': hR, 'Yvd': Yd}

gc_vals =

[d['gc'] for d in data.values()]

if np.median(gc_vals) &gt; 1le-5:

for n

in data: data[n]['gc'] *= a@

return data

def load_rotcurve(gname)
fname = os.path.join(ROTMOD, f"{gname}_rotmod.dat")

if not os
cols = {k
with open

.path.exists(fname): return None
: [] for k in ['r', 'vobs', 'vgas', 'vdisk', 'vbul']}
(fname, 'r') as f:

for line in f:
line = line.strip()
if not line or line.startswith('#'): continue

p = line.split()
if len(p) &lt; 6: continue
try:

cols['r'].append(float(p[0]))
cols['vobs'].append(float(p[1]))
cols['vgas'].append(float(p[3]))
cols['vdisk'].append(float(p[4]))
cols['vbul'].append(float(p[5]))

except: continue

if len(co
return {k

1s['r']) &lt; 5: return None
: np.array(v) for k, v in cols.items()}

def compute_gc_deep(rc, Yd=0.5):

r_m = rc[
v_bar2 =
v_obs2 =
gN = v_ba

'r'] * 3.086e19

(yd * rc['vdisk']**2 + rc['vgas']**2 + rc['vbul']**2) * 1e6
(rc['vobs'] * 1e3)**2

r2 / r_m

gobs = v_obs2 / r_m

mask = gN
if np.sum

&gt; O
(mask) &lt; 3: return None

gc_pts = gobs[mask]**2 / gN[mask]

gc_med = np.median(gc_pts)

if gc_med

&lt;= 0: return None

x = gN[mask] / gc_med
deep = x &lt; 1.0

return np.median(gc_pts[deep]) if np.sum(deep) &gt;= 3 else gc_med
#
# ooo
#
def main():
print("=" * 70)
print("eta coooooo: oMOND cooooao")
print("=" * 70)
print("""
B poooo:

eta ~ YdAbeta where beta = -(1 - f_gas_deep)
oo: beta = -0.41 - f_gas_deep = 0.59

f_gas_deep = &lt;v_gasr2 + v_bulr2&gt; / &lt;Yd*v_diskA2 + v_gasA2 + v_bulr2&gt;

ooo &lt;...&gt; ooMONDmmox = gN/gc &lt; loonoooo

iy

gc_data =

results =
for gname

load_gc_csv()

[1
in sorted(gc_data.keys()):
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gd = gc_data[gname]

gc_obs, vflat, hR = gd['gc'], gd.get('vflat'), gd.get('hR")

Yd = gd.get('yd') or 0.5

if gc_obs &lt;= 0@ or not vflat or not hR or vflat &lt;= 0 or hR &lt;= 0O:
continue

rc = load_rotcurve(gname)

if rc is None: continue

gc_deep = compute_gc_deep(rc, Yd)

if gc_deep is None or gc_deep &lt;= 0: continue

# oooooo gN oo
r_m=rc['r'] * 3.086e19

v_disk2 = rc['vdisk']**2 * 1e6 # (m/s)A2
v_gas2 = rc['vgas']**2 * 1e6

v_bul2 = rc['vbul']**2 * 1e6

gN_disk = Yd * v_disk2 / r_m # Ydoooo
gN_gas = v_gas2 / r_m # Ydooooo
gN_bul = v_bul2 / r_m # Ydooooo
gN_total = gN_disk + gN_gas + gN_bul

# oMONDooooo (X = gN/gc &lt; 1)
x = gN_total / gc_deep
deep_mask = (x &lt; 1.0) &amp; (gN_total &gt; 0)

if np.sum(deep_mask) &lt; 3:
continue

# f_gas_deep = (oYdoo) / (ooo) at deep MOND points
gN_nonyd = gN_gas[deep_mask] + gN_bul[deep_mask]
gN_tot_deep = gN_total[deep_mask]

# ooooogN oooo

f_gas_deep = np.sum(gN_nonYd) / np.sum(gN_tot_deep)

# gNA2 ooooogc_deep oooooooo
weights = gN_tot_deep**2 # gc_deep = gobsA2/gN ooo gNA2 ooooo
f_gas_deep_w = np.sum(gN_nonyd * weights) / np.sum(gN_tot_deep * weights)

# oooo f_gas oo
f_gas_pts = gN_nonYd / gN_tot_deep

# eta_obs
GSigma® = (vflat * 1e3)**2 / (hR * 3.086e19) # m/sA2
eta_obs = gc_obs / np.sqrt(a® * GSigmaO)

# beta_predicted = -(1 - f_gas_deep)
beta_pred = -(1 - f_gas_deep)

results.append({
'name': gname,
'gc_obs': gc_obs,
'gc_deep': gc_deep,
'vflat': vflat,
'hR': hR,
'yd': vd,
'f_gas_deep': f_gas_deep,
'f_gas_deep_w': f_gas_deep_w,
'f_gas_median': np.median(f_gas_pts),
'beta_pred': beta_pred,
'eta_obs': eta_obs
'n_deep': int(np.sum(deep_mask)),
'disk_frac_deep': 1 - f_gas_deep,
1}

N = len(results)
print(f"ooo: {N}\n")

f_gas = np.array([r['f_gas_deep'] for r in results])
f_gas_w = np.array([r['f_gas_deep_w'] for r in results])
f_gas_med = np.array([r['f_gas_median'] for r in results])
beta_pred = np.array([r['beta_pred'] for r in results])
eta_obs = np.array([r['eta_obs'] for r in results])

Yd = np.array([r['Yd'] for r in results])

vflat = np.array([r['vflat'] for r in results])

hR = np.array([r['hR'] for r in results])

#
# (1) f_gas_deep ooo
#
print("=" * 70)

print("(1) f_gas_deep coa")

print("=" * 70)

print(f" mean = {np.mean(f_gas):.4f}")

print(f" median = {np.median(f_gas):.4f}")

print(f" std = {np.std(f_gas):.4f}")

print(f" 1IQR = [{np.percentile(f_gas,25):.4f}, {np.percentile(f_gas,75):.4f}]")
print(f" ooooo: median = {np.median(f_gas_w):.4f}")

print(f" ooo = 0.59")

print(f" o = {abs(np.median(f_gas) - 0.59):.4f} ({abs(np.median(f_gas)-0.59)/0.59*100
#

L1FY%)")



240 | # (2) ooooo beta_predicted vs eta_obs

241 | #

242 | print("\n" + "=" * 70)

243 | print("(2) ocoooo beta ocoooa")

244 | print("=" * 70)

245 |

246 | # ooo beta

247 | log_eta = np.loglO(eta_obs)

248 | log_Yd = np.log10(Yd)

249 |

250 | # ooooo beta (OLS)

251 | from numpy.linalg import lstsq

252 | X = np.column_stack([log_Yd, np.ones(N)])

253 | sol, _, _, _ = lstsq(X, log_eta, rcond=None)

254 | beta_obs_global = sol[0]

255 |

256 | print(f" beta_obs (global OLS) = {beta_obs_global:.4f}")
257 | print(f" beta_obs (expected) = -0.41 (from eta~Ydr-0.41)")
258 | print(f" beta_pred (median) = {np.median(beta_pred):.4f}")
259 | print(f" beta_pred = -(1-f_gas) = {-(1-np.median(f_gas)):.4f}")
260 |

261 | #

262 | # (3) eta_predicted vs eta_obs

263 | #

264 | print("\n" + "=" * 70)

265 | print("(3) eta ooooo")

266 | print("=" * 70)

267 |

268 | # Model A: eta = C x YdA(-0.41) [empirical, fixed exponent]

269 | log_eta_pred_A = -0.41 * log_Yd

270 | C_A = 10**(np.median(log_eta - log_eta_pred_A))

271 | pred_A = np.logl0(C_A) + log_eta_pred_A

272 | R2_A =1 - np.sum((log_eta - pred_A)**2) / np.sum((log_eta - np.mean(log_eta))**2)
273 |

274 | # Model B: eta = C x YdA(-(1-f_gas_1i)) [per-galaxy gas fraction]
275 | log_eta_pred_B = beta_pred * log_Yd

276 | C_B = 10**(np.median(log_eta - log_eta_pred_B))

277 | pred_B = np.logl0(C_B) + log_eta_pred_B

278 | R2.B =1 - np.sum((log_eta - pred_B)**2) / np.sum((log_eta - np.mean(log_eta))**2)
279 |

280 | # Model C: eta = C x YdAbeta_global_obs [global fit]

281 | pred_C = sol[1] + sol[0] * log_Yd

282 | R2.C =1 - np.sum((log_eta - pred_C)**2) / np.sum((log_eta - np.mean(log_eta))**2)
283 |

284 | # Model D: eta = C (constant, no Yd dependence)

285 | R2_D = 0.0

286 |

287 | print(f" Model A (Ydr-0.41 fixed): R2 = {R2_A:.4f}")

288 | print(f" Model B (YdA-(1-f_gas_i)): R2 = {R2_B:.4f}")

289 | print(f" Model C (YdAbeta_fit): R2 = {R2_C:.4f}, beta={sol[0]:.4f}")
290 | print(f" Model D (eta=const): R2 = {R2_D:.4f}")

201 |

292 | if R2_B &gt; R2_A:

293 | print(f"\n o Per-galaxy f_gas ooo (B) o fixed exponent (A) oooo!")
294 | print(f" - f_gas_deep o eta o Yd oooooooooo")

295 | else:

296 | print(f"\n Per-galaxy f_gas (B) o fixed (A) cooooa")

297 | print(f" - f_gas_deep cooooooooooooooooooa")

298 |

299 | #

300 | # (4) f_gas_deep oooooooo

301 | #

302 | print("\n" + "=" * 70)

303 | print("(4) f_gas_deep coooo")

304 | print("=" * 70)

305 |

306 | params_test = {

307 | "log(Yd)': log_Yd

308 | 'log(vflat)': np.logil0(vflat),

309 | 'log(hR)': np.logl@(hR),

310 | 'log(vflatnr2/hR)': np.logl0(vflat**2 / hR),

311 | 3}

312 |

313 | for pname, pvals in params_test.items():

314 | rho, p = spearmanr(f_gas, pvals)

315 | print(f" rho(f_gas_deep, {pname:20s}) = {rho:+.3f} (p={p:.2e})")
316 |

317 | #

318 | # (5) Yd oooooooo

319 | #

320 | print("\n" + "=" * 70)

321 | print("(5) Yd cooooooa")

322 | print("=" * 70)

323 | print("oooo Yd o +/-10% cooood ln(gc_deep)/d 1n(Yd) coooa")

324 |

325 | beta_numerical = []

326 | for r in results:

327 | rc = load_rotcurve(r['name'])

328 | if rc is None: continue

329 | Yd_base = r['vd']

330 |

331 | gc_lo = compute_gc_deep(rc, Yd_base * 0.9)



332 | gc_hi = compute_gc_deep(rc, Yd_base * 1.1)

333 |

334 | if gc_lo is None or gc_hi is None or gc_lo &lt;= 0 or gc_hi &lt;= 0:
335 | continue

336 |

337 | dlngc_dlnYd = (np.log(gc_hi) - np.log(gc_lo)) / (np.log(1.1) - np.log(0.9))
338 | beta_numerical.append(dlngc_dlnYd)

339 |

340 | beta_num = np.array(beta_numerical)

341 | print(f" ocooe d ln(gc)/d ln(Yd):")

342 | print(f" mean = {np.mean(beta_num):.4f}")

343 | print(f" median = {np.median(beta_num):.4f}")

344 | print(f" std = {np.std(beta_num):.4f}")

345 | print(f" oooo -(1-f_gas_deep): median = {np.median(beta_pred):.4f}")
346 | print(f" oo eta exponent: = -0.41")

347 |

348 | # oooo VS ooooooo

349 | if len(beta_num) == len(beta_pred):

350 | rho_bn, p_bn = pearsonr(beta_num, beta_pred)

351 | print(f"\n r(numerical, analytical) = {rho_bn:.4f} (p={p_bn:.2e})")
352 |

353 | #

354 | # (6) ooonoooo

355 | #

356 | print("\n" + "=" * 70)

357 | print("(6) ooooooa")

358 | print("=" * 70)

359 |

360 | # eta_theory = eta® x YdA(-(1-&lt;f_gas&gt;))

361 | # where &lt;f_gas&gt; = 0.59 (if prediction holds)

362 | # Vs

363 | # eta_theory = eta® x YdA(-(1-f_gas_i)) (per-galaxy)

364 |

365 | # Residual after theory prediction

366 | resid_B = log_eta - pred_B

367 | resid_A = log_eta - pred_A

368 |

369 | print(f" Model A (YdA-0.41): resid std = {np.std(resid_A):.4f} dex")
370 | print(f" Model B (per-galaxy f_gas): resid std = {np.std(resid_B):.4f} dex")
371 | print(f" eta total scatter: std = {np.std(log_eta):.4f} dex")
372 | print(f" Yd explained fraction: A={R2_A*100:.1f}%, B={R2_B*100:.1f}%")
373 |

374 | #

375 | # (7) oooo

376 | #

377 | print("\n" + "=" * 70)

378 | print("oooa")

379 | print("=" * 70)

380 |

381 | print(f"""

382 | ® ooooo:

383 | eta ~ YdAbeta, beta = -(1 - f_gas_deep)

384 | f_gas_deep = oMONDoooooo(+bulge)ooo

385 |

386 | W ooooo:

387 | f_gas_deep median = {np.median(f_gas):.4f} (oco: 0.59)

388 | beta_predicted = {np.median(beta_pred):.4f} (co: -0.41)

389 | oooo beta = {np.median(beta_num):.4f}

390 |

391 | ® oo:

392 | f_gas_deep = 0.59 oo - eta o YdA(-0.41) oooooooooooo

393 | ooooetd oooooooooooooooooooooooooooooooo

394 |

395 | W ooooo:

396 | ooooooo:

397 | (a) f_gas_deep median o [0.50, 0.68] (0.59 o +/-15%)

398 | (b) beta_numerical = beta_analytical (r &gt; 0.5)

399 | (c) Model B o R2 &gt;= Model A o R2

400 |

401 | ®™ oooooooooo!

402 | A-1 (etacn) o Aooooo Boooooo

403 | oeta ooooooooo-oeta oooooooooooo

404 |  oooooooooooooo 1 ooo

405 | """)

406 |

407 | #

408 | # o

409 | #

410 | try:

411 | import matplotlib

412 | matplotlib.use('Agg')

413 | import matplotlib.pyplot as plt

414 |

415 | fig, axes = plt.subplots(2, 2, figsize=(12, 10))

416 | fig.suptitle('eta first-principles derivation: gas fraction hypothesis', fontsize=14)
417 |

418 | # (a) f_gas_deep distribution

419 | ax = axes[0, 0]

420 | ax.hist(f_gas, bins=30, alpha=0.7, color='steelblue', edgecolor='white')
421 | ax.axvline(0.59, color='red', 1w=2, 1s='--', label='predicted (0.59)")
422 | ax.axvline(np.median(f_gas), color='orange', 1lw=2, label=f'median ({np.median(f_gas):.3f})")
423 | ax.set_xlabel('f_gas_deep')



424 ax.set_ylabel('count')

425 ax.set_title('Gas fraction at deep-MOND radii')

426 ax.legend()

427

428 # (b) eta_obs vs Yd with theory curves

429 ax = axes[0, 1]

430 ax.scatter(log_Yd, log_eta, s=10, alpha=0.5, c='steelblue')

431 Yd_range = np.linspace(log_Yd.min(), log_Yd.max(), 50)

432 ax.plot(Yd_range, np.logl@(C_A) - 0.41*Yd_range, 'r-', lw=2, label='YdA(-0.41) empirical')
433 ax.plot(Yd_range, np.logl@(C_B) + np.median(beta_pred)*Yd_range, 'g--', w=2,
434 label=f'YdA({np.median(beta_pred):.2f}) predicted')

435 ax.set_xlabel('log10(Yd)")

436 ax.set_ylabel('logl0(eta)"')

437 ax.set_title('eta vs Yd')

438 ax.legend()

439

440 # (c) beta_numerical vs beta_analytical

441 ax = axes[1, 0]

442 if len(beta_num) == len(beta_pred):

443 ax.scatter(beta_pred, beta_num, s=10, alpha=0.5, c='steelblue')
444 lim = [min(beta_pred.min(), beta_num.min())-0.1,

445 max(beta_pred.max(), beta_num.max())+0.1]

446 ax.plot(lim, lim, 'k--', lw=1)
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447 | ax.set_xlabel('beta_analytical = -(1-f_gas)')
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448 ax.set_ylabel('beta_numerical (Yd +/-10%)"')

449 ax.set_title(f'Analytical vs numerical beta (r={rho_bn:.3f})")
450

451 # (d) f_gas vs vd

452 ax = axes[1, 1]

453 ax.scatter(log_Yd, f_gas, s=10, alpha=0.5, c='steelblue')
454 ax.axhline(0.59, color='red', 1ls='--', 1lw=1, label='prediction 0.59"')
455 ax.set_xlabel('log10(Yd)")

456 ax.set_ylabel('f_gas_deep')

457 ax.set_title('Gas fraction vs Yd')

458 ax.legend()

459

460 plt.tight_layout()

461 figpath = os.path.join(BASE, 'eta_derivation_results.png')
462 plt.savefig(figpath, dpi=150)

463 print(f"\nFigure saved: {figpath}")

464 except Exception as e:

465 print(f"\nFigure error: {e}")

466

467 print("\nooa")

468

469 if __name__ == '__main__':

470 main()



